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IvoTiToUuTOoUu EKTTan1deuTIKAG MOAITIKAG

( Mayyiwpng Anunrpiog )
EmpéAcia: (MeAacTotrouAou Mapia)




KEB®AAAIO

METPIKEG ZXETEIG

To Ke@AAalO aUTO OOXOAEITAOI OUCIOCTIKA ME TOV
TMPOCOIOPICHO TWV OTOIXEIWV TOU TPIYWVOU av Egival
YVWOTEG Ol TTAEUPEG, KOBWG KAl HE METPIKEG OXEOEIG
OTOV KUKAO. 2XTIG METPIKEG OXECEIC OTO TPiywvo
TTapouoidaderal To NMubayopeio Bewpnua Kal n YEVIKEUOH
TOU ME AUEOT EQAPHOYR OTOV TTPOCDIOPICHO TOU EidOUg
TOU TPIYWVOU WG TTPOG TIG YWVIEG TOU - AKOMA KOl OTOV
TTPOCOIOPICHO TWV YWVIWV TOU, OV XPNOIMOTTOINOCOUNE
TOV 1I000UVOHUO VOUO TWV CUVNHITOVWY - KOBWG Kal TwV
upwyv Tou Tpiywvou. Karémiv utroAoyifovral ol
OiGpuecol pe 1o OUO OswpAupata Twv Olapéowv. To
KEPAAQIO OAOKANPWVETAI ME TO Bewpnua TEPVOUCO WV
OTTO TO OTrOi0 TTPOKUTITOUV Ol HETPIKEG OXECEIS OF
KUKAO.
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4

Kalimp MaAéBitg (Pwoog, 1878 - 1935),
«Ytrépraro», piv 1o 1915.
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METPIKEC OXECEIC OTO TPIYWOVO

9.1 0pOsc nNpoPoAEC

Ag Bswpnjooupe pia gubegia £ Kai o
éva onueio A TTou Oev AVNKEl O€
auti. To ixvoc A’ Tng kaBétou A T /
TToU PEépoupE atrd To A TTpog TV ¥
€ To Aféue opbn npoBoAn n
aTTAWG npoBoAn tTou A oTnv
guBeia €. Av 1O Onueio Eeivai
onueio TnG gubegiag, mT.X. TOo B,
TOTE WG

[ }
Q@rusnnnnnnnn
&

AB T A

ZxNpa 1
mTPOROAN TOU B TTdvw oTNnV £ Bewpoupue 10 idI0 TO B.
TéNog opBy TrpoffoAn} Tou TuApaTOG A TTAVWw OTNV
guleia € Aépe To THAMA A" TTOU £XEI WG AKPA TIG OPOEG
mPoBoAég ', A Twv akpwv I, A, avrioToIXd, TOU
TMAMaTOG A TTAvWw OTNV € .

9.2 To MuBayopeio Bswpnua

2e KaOe opOoywvio TPiywvo, TO TETPAYWVO HIAG

KAOETNG NAEUPAG TOU E€ival i0O0 PHE TO YIVOMEVO TNG

unoTteivouodc £ni Tnv npoBoAn TnC NAsUpac auTng

oTNV UNoTEivouod.

AnodesiEn

"EoTWw AoItéov éva opOoywvio Tpiywvo

ABI' ka1 A n TpofoAl TnGg KopuPng A

otnv vutroteivouoca BI. OféAoupe va

amodeifoupe o6m  AB*=BI-BA «kai

A’ =Br-ra

Na Ttnv TmTpwTn oxéon OpKEi va
Bl

, . AB .
OTTOOEICOUUE OTI = , ONAadn oTI 3
Soup BA ~ ag’ OMAoon TYXAHO 2

71183
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Ta Tpiywva ABIT kai ABA gival 6pola, To oTroio 10XUEl
apoU A = A =1L kain B givai koIvA.

"Opola atrodeikvieTal Kai n oxéon Al“ =BIM-TA.
Aiaipovrog Tic AB°=BlM-BA ka1 A =BIr.FA kard
MEAN TTPOKUTITEI TO £ENG TTOPICHA:

2e KAaOes opOoywvio TPiywvo, O AOYOGC TWV
TETPAYOVWV TWV KAOGETWV NAEUPWV TOU Eival i00G HE
TO AOYO T®WV NPOBOA®V TOUG NAVM CTNV UNOTEIVOUGd.

Oswpnua II ( Mubayopsio

2 KAOs opOoywvio TPiywvo, TO GOpoIoHA TWV
TETPAYWVOV TWV KAOETWV NAEUPWV TOU Eival ico HE
TO TETPAYWVO TNC UNOTEIVOUOAG.
AnodeiEn

O£Aoupe OnAadn (oX.2) va atrodEiOUpE OTI:

AB*+Al* =B o’ =p*+y’

2UMPWVA ME TO TTPONYOUHEVO BEWPNMO EXOUME:

AB’ =BI-BA ka1 Al =BI-TA.

Me mpooBeon TWV ICOTATWY KATA HEAN TTPOKUTITEI OTI:
AB°+Al* =Br-BA+BIr-rA=
BF-(BA+FA)=BF-BF=BF2.

po Tou MuBayopeiou
Av ot Tpiywvo ABI i1oxver: AB*>+AIr*=BI? ToTe
A=1L
AnodeiEn

NMNavw oT1ig TAgupés OYX, Oy opBng ywviag x vy
Oswpovpe avriotoixa Tunuata OA=AB ko1 OE=Ar.
Etreidni 1o 1piywvo OAE cival opBoywvio cUHQWVa JE
1O NMUBaydpelo Bewpnua Kal TRV UTTOBEON, EXOUME
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Zxnua 3

AE* = OA° + OE® = AB® + Al'* =BI'”
Apa AE = BI'. ETropévwg 1a Tpiywva ABIT kai OAE sivai
ioq, VJdTi EXOUV KOl TIG TPEIG TTAEUpES ioeg, oTroTE Oa
givar A = O =1L, rou givai To {nToupevo.

2 KaOe opOoywvio TPIYWVO, TO TETPAYWVO TOU

UYouG TOU NMOU AVTIOTOIXEI OTNV UNoTEivouoa Eival

IC0 HE TO VYIVOHEVO TWV MNPOBOA®WV TWV KAOETWV

NAEUPWV TOU OTNV UNOTEIVOUOd.

Anodsign

‘Eoctw AA TO UWog TOU oOpBoywviou Tpiywvou ABI

(ox.4), TTOU AVTIOTOIXEI OTNV UTTOTEIVOUOA.

Oa amodeioupe 6Ti: AA* =BA- Al

Ta Tpiywva ABA kai M'AA gival époia,

a@ou gival oploywvia Kai

A = [ w¢ oUPTTANPWATIKEC TS B .

ETTopévwg, o1 TTAgupég TOUG Eival
AA

avaAoyeg, OnAadn , OTrOTE

AA’ =BA.Al
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EOAPMOIH 1n

Av TO Tpiywvo ABI sivar [
opOoywVIO KAl I00OKEAEG, TOTE

a?=+28. |
Anodeién B

Ay B
ZXAua 5
MNpdayuari, pe e@apupoyn Tou Mubayopeiou BewpHUATOG
o0 ABT Traipvoups o’ = B2 +y° =2p2 R a2 =+/2.

2XOAIO

H epappoyn auTth atrodeIkvuEl TRV UTTAPEN TUNHATWY HE
appnTo Adyo. Eival agloonueiwTo OTI EVW gival aduvaTn
n METPNON ME TO UTTOOEKAMETPO THNHATWY APPNTOU
MAKOUG, WOTOCO €ival akpIfg 0 TTPOCDIOPICHOS TOUG
ME YEWHETPIKEG KATOAOKEUEG.

EOAPMOIH 2
Av AA sivar To Uyog opBoywviou [

Tpiyovou ABI nou avTIOTOIXEI OTNV

UNoTEivouoq, TOTE ICXUEI B

1,1 _1 A
B2 y2 Ui Ua
AnodeiEn A Y B
ETeidni au, =By, EXOUuNE  OTI

1 1 1 B*+y° o 1 ZxnHa 6

V0 (@) (ou) v
Naparnpnon: YmevOupiloupe 0TI o KAOE Tpiywvo ABIT
(A:90°) ioxvel: AB-Ar=AA-Bfr< B-y=a-u, (BA.
Epappoyn 4, oeA. 117)
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A2ZKHZEIZ T'TA AYZH

EpwTtioeig Karavénong

1. ‘Eva opBoywvio Tpiywvo ABIM (A=1Ll) éxe1 AB = 6 kai
Al = 8. Noio To yRKkog TG diapécou AM;

2. Av 0 AOyog TwV KABETWYV TTAEUpWYV £VOG opBoywviou
TPpIYywvou egival 4, T6Te 0 AOYyoS Twv TTPOoROoAwv TOUG
oTNV UTTOTEIVOUO X Eival :

a2 PB.4 y.16 6.%

KukKAwWoTeE TO YypAMMOA TTOU OVTIOTOIXEI OTn OWOTH
ATTAVTNON KAl AITIOAOYNOTE TNV ATTAVTNON CAG.

3. ‘Eva opBoywvio Tpiywvo £Xel KABETES TTAEUPEG I0EG ME
9 cm ka1l 12 cm. H mmAgeupd 106TTAEUPOU TPIYWVOU TTOU
EXEl ioN TTEPIPETPO ME TO OPOOYWVIO TPIYWVO gival:
a.10cmB.12cmy. 13cm 6. 14 cm.

KukKAwoTe TO YpPAMMO TrOU OVTIOTOIXEI OTN OWOTH
ATTAVTNON KAl AITIOAOYAOTE TNV ATTAVTNON CAG.

4. ZTO TTAPAKATW OXNMO VO UTTOAOYICETE TA X KOl Y.

S\
=,

Aoknoeic EpnEdmwong A

1. Z& opBoywvio Tpiywvo ABIM (A=1L) pépoupe To Uyog
AA. Av givai AB = 3 ka1 Al' = 4, va uttoAoyioToUV TO
MAKN TwV TuNuaTwy BN, BA, Al kai AA.

2. Av og opBoywvio Tpiywvo ABI (A =1L) givau B =2r
B

TOTE 0 Adyog — gival icog ME:
Y

q.% 8.1 v.V3 5.2 &3
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KukKAwoTe TO YpPAMMO TrOU OVTIOTOIXEI OTN OWOTH
ATTAVTNON KAl AITIOAOYAOTE TNV ATTAVTNON CAG.
3. Zg opBoywvio Tpiywvo ABI

(A = 1L) @époupe To Owog AA. Av givai AB = 5 kai
2
BA = g, va S1aTASETE KATA aufouoa CEIPA HRKOUG T

TuAuaTa: AlN, BN, FA kai AA.

AnodeIKTIKEC AOKNOEIG

1. Na atrodeixBei OTI TO TPiywvo, TTOU €XEI TTAEUPEG

2 2
a=K +A ,B=2kAKaty=K -A , OtTOU K, A BeTIKOI

aKEPAIOI ME K > A, gival opOoywvio.

2. Av AE, AZ gival avTtioToiXa ol TTpoBoAEG dUo Xxopdwv
Al' kai AA gv6g KUKAou og pia diaueTrpoé Tou AB, va
atrodeifeTe OTI

AZ. Al = AE. AX°.

3. Av A cival péoco TnG KAOeTng TTAsupdag Al evog
opBoywviou Tpiytwvou ABI (A = 1L) kai E n TpoBoAn

Tou otn BI, T6T€E Vva atmodeiiete 611 EIT + AB =EB .
2Tn OUVEXEIO JIATASTE KATA auiouoa OEIpd HAKOUG Ta
TuAuata AB, EB, ET.

4. Avo opBoywvia Tpiywva ABIN kat A'BT (A = A" =

1L) éxouv MR = MB” Kal gy = Py . Na atrodeigeTe OTI:
Ha=a’ inp=p".

Ti1 oupTtrepaivere yia Ta ABI kat A'BT;

5. X& 1000KeAEG Tpiywvo ABIT (AB = Al @époupe 1O
ugog Tou BE. Na atrodeifete oTi

2 2 2 2 2 2
o +B +y =3BE +2AE  +TE".
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ZUvOeTa Ocpara 1.
@swpoupe opBoywvio Tpiywvo ABI (A = 1) ka1 T10
upog Tou AA. AV E, Z cival o1 TTpoBoAég Tou A Travw
AB, Al avTioTOoIX0, VO ATTOOEISETE OTI:
3

) AB__BE i) AN =Br-AE.-AZ.

Al rZ
2. Aivovtail duo kUkAol (K,R) kai (A,p) TTou g@dartrTovral
eCwtepiIkd@ oto A. Av Bl gival To KOIVO €EWTEPIKO
g@atmTopevo TUAMAa Toug Kal (O,0) o KUKAOG Trou
gparmreran otoug (K,R), (A,p) kau otn BIN, va atmodeigeTe
oTI:

) Br =2,Rp ii)ja+ja=\/lg.

3. @swpoUpe Tpamréfio ABFAuye A =B =1L AvM, N T1a
Héoa TwV dlaywviwv BA, Al avriotoixa Kai K To onueio
TOouNG TNG AM pe Tn BI' va atrodeigere oI :

i) To ABKA gival opBoywvio,

i) Al’* — AB* = 4MN°.

4. Xg kaGOe opBoywvio Tpiywvo ABIC (A=90°) va
atrodeifeTe OTI 212 > By

5. Osewpoupe KUKAo (O,R), diaueTpd TOoU AB KaI Mia
xopdn Tou N'A 1Tou Tépvel Tnv AB oTto E kKai oxnuaridel
ME auTh Ywvia 45°. Na atrodeieTe OTI EF2 + EA2 = 2R2.

6. @cwpoupue opBoywvio Tpiywvo ABI (A = 1L) kai 10
Ugog tou AA. Av X, y KOl W Egival avTioTolXa Ta MAKN
OTTOIWVONTTOTE OMOAOYWV  YPOAMMIKWY  OTOIXEIWV
TWV TPpIywvwy (m.X. Olauécwy, UPwvV, OaKTIiVWV
a\z(vsygappéévwv KUKAwvV KTA.) AAB, AAI' ka1 ABTI, TOTE
X +y =w .

13 /186



9.3 MEWMETPIKEC KATAOKEUEG

Me epappupoyny tou lMuBayépeiou BewPHATOS KOl TOU
fcwpuaTtog IV avripeTwTTi(OUHNE TA TTOPAKATW BACIKA
TPORBANHATA YEWHUETPIKWY KOTOOKEUWYV £UOUYPOHMHWYV
THNHATWV.

NMPOBAHMA 1

Av a, B €ival yvwoTa THNHATA, VO KATAOKEUAOETE TO
THApa k , nou opideTal ano Tnv 1I00TNTA :
(i) k = a* + B2, (ii) k=./a*- B>.

Auon y
(i) H doopévn 106TnNTa ypdgpetar B
Ic0d0vapa k®=a’+B°, omérte TO
{nToUuEVO TMAMO k givar 3 k
UTTOTEIiVOUCO oOpBoywviou TpIywvou
ME KAOeTeG TTAEUPEG a, B.ETropévwg,
av TTAvw OTIG KAOeTEG TTAEUPEG (OX.7) 0"
Ox, Oy piag opbig ywviag XxOy
TTAPOUME avTioToIXa Ta onueia A, B,
wote OA=a ka1 OB=f, T1éT¢

AB° =0A° +OB’ =a° +B° Kkai emopévwe 1o TuApa AB
gival To {nToUpEVO TUAMHO K .

Eivai @avepd Om1 10 TMAMO K KATOOKEUAleTal Yid
OTToIadNTTOTE THAMATA A, [B.

(ii) H doopévn 106TNTA Ypd@eTal 1I00dUvVapa k* =a” —fB°
N omoia onuaivel 6T To {NTOUNEVO TUNMA k gival n pia
KGOeTNn TTAEUPG OpBOYWVIOU TPIYWVOU ME UTTOTEIVOUOO O
Kol AAAN kaBeTn TAgupd 10 B. H KaTaokeun gival opola

NG (i).

X
a A
2xApa 7
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NMPOBAHMA 2

Av a, B €ival yvwoTa THNHATA, VO KATAOKEUAOETE TO
THAHA X , Nou opileTal ano TNV 1I00TNTA X = \/@ . To
THRAMA X €ival n HEon avaAoyoc TV a, B.

Auon

H Odoopévn 106TNTA YPAPETAI A

I00d0vapa X°=af n omoia

onuaivel 6Tl To X gival To UYoG X

TOU opBoywviou TPIywvou, TTou H

Xwpifel TNV UTtroTEivouocda O€ A GB B F
ovo TpAupaTa ica pE a Kol fB

avTioTOIXO. 2xApa 8

MNMaipvoupe emTopévwg o€ pia guBgia dladoxika Ta
TuAuata AB=a kai BIN'=f (ox.8). Npdpoupe nuIKUKAIO
Olapétpou Al kal oto B upwvoupue kaBeto otnv All, TTOU
TEMVEI TO NMIKUKAIO oTO A. ZXnpaTtiouhe TO TPiywvo
AAT To omoio civar opBoywvio (A =1Ll). Emropévwg
éxoupe AB’ = AB-BlI =0f Kkal KaTd GUVETTEIO TO TUAMA
AB cgival to {nToupevo. Eivalr @avepd OTI TO TUAMA X
KOTAOKEUAZETAI YIO OTTOIOONTTOTE THAMATA a, f3.
NMPOBAHMA 3

Av a gival yvoOoTo THAHA, VO KATAOKEUAoOsi TUAHa

io0 pE \/iu, \/50, \/ga,---, Jva HE V (QUOIKO
HEYAAUTEPO N i00 TOU dUO.
Auon
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Av X = \/E a, 10T

x> =20’ =a”+a’, n otroia
OnNMaAivel 6Tl TO X NTTOPEI VA
KaTaokevao0ei (ox.9) wg
UTTOTEIiVOUO O opBoywviou
KOl ICOOKEAOUG TPIYWVOU
ME KABETEG TTAEUPEG IOEG ME
a. 'Etol To OB gival To
{NTOUMEVO TUNMA.
Av y=+3d, 16T y=3a’= a’+202=0’+x? TIOU
onMaivelr O6T1I TO Yy E€ival UTroTEivouca opboywviou
TPIYWVOU ME KABeTEG TTALUPEG a Kal X . Av AoItTov
Pépoupe KaBeto otnv OB o1to B kol mTavw O£ QUTH

mdpoupe onpueio I, worte Br=a, téte Ol = J3 o, dnAadn
y=0I. ZXuvexiovrag pe autdv TOV  TPOTTO
KaTaokeudafoupue O1ad0XIKA T THAMATA \/50(, \/§a, \/ga

N TS

I2TOPIKO ZHMEIQMA

H avakaAuwn TnG AQOUHHETPIAC

Apxika o1 TuBayodpelol Trioteuav o611 0 Adyog
OIWVONTTOTE (PUOIKWYV I YEWMETPIKWYV) HEYEOWYV UTTOpPEI
VO EKPPAOTEI WG AOYOS QUOIKWY aplBuwyv. EIdIkoTepa,
Bswpoucav 611 OAd Ta TUAMATA €ival CUMMETPA, ONAAdR
yia oTtroiadfimrore duo TuAMata AB kol A utrdapyel
TMAMO EZ 1TOU TrEPIEXETAI OKEPOIO APIONO PopwWYV TOOCO
oT1o AB, 600 kai To lM'A.

Opwg ouvropa £kavav pia avakaAuwn trou €UEAAE va
KAovioel Tnv Temoibnorn Toug auti. Bpnkav OTi
UTTApXOUV HEYEBN Trou Oev  gival ouUppeTpa. Aegv
yvwpiloupe pe BeBaidTnTa TTOI0 AKPIBWG TTPORANHA
odnynoe Toug apyaioug 'EAANveG oTnv avakdAuywn auTi
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O1 10TOpIKOI £XOUV TIPOTEIVEI KATA KOIPOUG TrOAAEG
ekOoxéc. H avakdAuyn auti UTTOPEl va €iXe yivel Tr.X.
OTN YEWMETPIOA, OTO TTPORANMUA TG EUPECNS TOU KOIVOU
METPOU Tng Olaywviou TPOG TNV TTAEUpd TOU
TETPOYWVOU,I] KATA T HEAETN TOU  KOVOVIKOU
Owdekaédpou, i OTn OBewpia TNG MOUCIKAG, OTO
TPOLBANHA TNG dlaipeonS TnNG OKTABAG, TTOU avaAyeTal
OTNV EUPECT) TOU YEWUETPIKOU NEOCOU TWV aplOpwyv 1 Kal
2, | oTnV aApIOuNTIKA, OTO TTPOBANMA TOU OPICHOU TOU
AOGyou, TTOU TO TETPAYWVO TOU gival ico Ye 2. H mTpwTtn
HapTUupia yia TRV amrodeién TnG acUpMETPiag (aAAd oI
KOAT’ aVvAYKN Kal ICTOPIKA TTPpWTN atroédeign) atmravraral
oTda «AVOAUTIKA “YoTtepa» Tou APIOTOTEAN, O OTTOiIOG
ava@épel OTI N amodelln TnNG OOUMMETPIOG TNG
OlaywvViou PE TNV TTAEUPA TOU TETPAYWVOU YiVETAI JE TV
£1G ATOTTO ATTAYWYN, YIOTi «av UTroTedEi OTI N SIGMETPOG
gival CUMMETPN ME TNV TTAEUPd, TOTE O APTIOG Ba 1I00UTAI
ME TOV TrEPITTO». H TrpdéTacn autrl TOUu APICTOTEAN
gpunveveTal WG €§RG: A B

N}

Av utroBéooupe 611 n TAsupd AB €ival CUMMETPN TTPOG
TN diaywvio AlN, TO6TE 0 AGYyog TouG gival AOYyog aKEPAiwV

ap1Opwyv, dnAadn, E= g, o1Tou Ol a, B dev gival Kal ol

Al B
duo dptiol. Tétg, amwd To MuBaydpelo Bewpnua EXxouue
2 2
A = 2AB?. Emropévwe, o - % _ 14 g2 - 202
Ar- g 2

AuTé onpaivel 0TI 0 B gival APTIOC KAl ETTOPEVWC KOl O

B gival apTtiog (dNAadNTNG poPPRGS B=2A).
TOTE O a TTPETTEI va gival TTEPITTOG (a@ou ol a, B dev givai

Kail o1 300 dpTiol). Opwg TOTE (2)\)2 =2a%, N 4N =2a° Ry
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2N =a° KI eTTOpEVWE 0 O gival APTIOC, OTTOTE KAl O d
gival ApTIOG, TTOU gival ATOTTO.

Mpétrel va onUEIWOOUME OTI N amddeIgn aut EXEl
Kafapd apiOunTiké XOpPOKTAPO Kol oOTnpifeTal oTn
Bswpia Tou GApTIOoU Kal TOU TTEPITTOU (ONAadn Tn Bswpia
OlaipeTéTNTOG O10 2) TOU  €iXAV  AVATITUSEL Ol
NMuBayopeiol.

FpRyopa BpéBnkav kol GAAA OACUMMETPO TUHAMOTO.
Ei1d1koTEPA, 0 Oe6dWwpog o Kupnvaiog (TEAn Tou 50u ai.
m.X.) avakaAupe OTI OI TTAEUPEG TWV TETPAYWVWYV HE
eupadov 3, 5,6, 7, 8,10, 11, 12, 13, 14, 15 civai
OOUMMETPES ME TN OlAYyWVIO TOU TETPAYWVOU HE
TTAEUpEG TN Hovada. Etriong, o OtaitnTtog atmédeile OTI
av TO EUBAdOV EVOG TETPAYWVOU EKPPACETAI ME €vav
ap1Opo6 N TTOU dEV €ival TETPAYWVOG, TOTE N TTAEUPA TOU
gival ACUUMETPN ME TN povaoda.

Me ouyxpovn opoloyia, av N = a°, T6Te o VN dev gival
pNTOG apiBudg. O OaiTNTOG TTPOXWPNOE TTAPATTEPA TIG
EPEUVEG TOU Kal aTtrédele OT1 Kal 6Aol ol apiBuoi Tng
HOP®PNG 3N, 6mTou N QUOIKOG aplOuOG dev gival TEAEION

KUBol. Emiong €€étace dppnTtoug TnG Hop®AS VM +N,

M+ N, VM + N

9.4 Tlevikeuon Tou MuOayopeiou BEWPRHATOC

To MNMuBayodpeio Bewpnua ekPPAlel TO TETPAYWVO Miag
TTAEUPAG TPIYWVOU TTOU BPIOKETAI ATTEVAVTI ATTO OPOR
ywvia, wg Tpog TIG dU0 AAAeg TrAeupég. MpPoKUTTTEL,
AoITTOV, TO EPWTNMA: TO TETPAYWVO HMiag TrAgupdg
TPIYWVOU TTou BpiokeTal amrévavTtl o€ odcia n aupAcia
YWwvia JTTOPEi va eKPpaoBei wg ocuvApTnon Twv AAAWYV
TAEUpWYV; ATTAvVINnOn OTO g£pwWTnpa autd Odivouv Ta
akO6AouBa duo Bswpnuara.
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Oswpnua I

To TETPpAYWVO NAsUpAG TPIYWVOU, Nou PBpiokeTal
angEvavTti ano o&cia ywvia, €ival ico Je To adpoioua
TOV TETPAYWVWV TV OUO0 GAAwv nNAsupwv TOU,
EAATTWHEVO KATA TO OINAACIO YIVOHEVO TNG Hiag ano
AauTEG €ni TNV NPoBoAn TnG aAAnNG navw CE AuTh).

Av dnAadn o éva Tpiywvo ABI (ox.10) givai
m.x. A <1L kai AA n TpoBoAR TS TTAEUPAEC Y TTAVW OTN
B, TOTE 10XUEI OTI a’=B°+y°-2B-AA

AnodsiEn

2xApa 10
Ao Ta opBoywvia Tpiywva ABI, ABA é£€xoupe, pE
epapuoyég Tou lMuBaydpeiou BewpApATOG avTioTOIXA:
o’ = AB? + Al kai AB® =y° — AN’
Emeidn civan A < 1L ta A, I BpiokovTal Tpog 1O idIo
MEPOG TOU A Kal €101KOTEPO:
-av l <1l 1o A sival petadi Twv A, I (ox.10a), oréTe
Al =8 - AA.
-avl >1Ll 1o I givai METAEU TwV A, A (ox.10B), oroTE
Al = AA - B.
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ATTd TIG U0 TEAEUTAIEG 1I0OTNTEG TTPOKUTITEI OTI
Ar? =(B-AA) =B2+ AN —28-AA.
Me avTIKATAOTOON OQUTAS TNG OXéoNng Kal TNG
AB’ = y* — AN’ otnVv o’ = AB® + Al TTpoKUTITEl OTI

o’ =y — AN +B°+ AN —-2B-AA=B° +Yy° —2B - AA
OnAadni n {nToupEVN 1I06TNTA.
= av TEAog r=1 L, to A ocupmimter pe 10 T Kai TO
opBoywvio Tpiywvo FAB divel a’ = y° —B° TTou ypa@eTal
o’ =B +y° —-2B-AA, agou AA = B.

To TeETPAYyWVO MNAEUPAC TPIYOVOU nNoOU BpiokeTal
angvavTti ano apBAeia ymvia gival ico e To abpoioua
TOV TETPAYWVOV TOV dU0 AAAwv NAsUpwV, au&npevo
KAaTa TO SINAACIO YIVOHEVO TNG HiGG ano AuTEC ENi TNV
npoBoAn TnC AAANG Navw O AUTH. )
Av d6nAadn og éva Tpiywvo ABI (ox.11) gival r.x. A >
1L ko AA n TpoPoAR TN TTAEUPAC Y TTdvw oTn B, TOTE
I0XUEI

o’ =B°+y>+2B-AA
AnodeiEn
A6 Ta opBoywvia Tpiywva
ABI' ka1 ABA, Traipvoupe
avriotoixa:  a° = AB® + Al?
ka1 AB? = y* — AA”.
Emady A > 1L 10 A
BpioKETOI OTNV TIPOEKTAON
Tng TA Tmpog 1O A KOAI
emopévwg Al =B+ AA otrdTe

Ar? =(B+AA) =B2+AA° +28-AA
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Me avrikatdotaon Twv oxéoewv AB° =y°—AA Ka
=(B+AA) =B2+ AN’ +23-AA oTh oxéon

a’ = AB’ + Al?, mpokUTITEl | {NTOUHEVN 1I06TNTA

A=y AN +B°+AN +2B-AA=F° +Yy° +2B-AA

Ao 10 lMMUBaydpelo Bswpnua Kal TA TTPONYOUHEVA

Oswpnuarta | kai Il TrpokuUTITEl GUECO OTI OE KAOBg

Tpiywvo ABI éxoupe :

(i) Av A <1, 1ot 0> <B* +VY?,

(ii) Av A =1L, toTe a®> =B +VY?,

(i) Av A >1L, toTe o® > B2 + V2.

ATTOodEIKVUETAI OPWG, ME ATTAOYWYN O& ATOTTO OTI ICYUEI

Kal TO dVTIO‘TpO(pO Twv (i), (ii), (iii). I'Ipaypan av Tr.xX.

1oXUe1 o < B% +y? dev propei va 1oxver A =1Ly A >1L,

yioti 161 amé Ti¢ (ii) kou (iii) @a eixape o’ =B°+y°Q

a’>B°+y° avrioToIXa, TOU E€ival ATOTTO, QQOU

o’ <B2+y?.Apa A <1L.

Opola arodeikvuovTal Kal ol AAAEG TTEPITITWOEIG.

2XOAIO
Eivar @avepd 611 Ta Trapamdavw OBswpnipara | koar i
ATTOTEAOUV YEVIKEUOTN TOU I'Iueavopalou Bswpnuarog,

a@oU OTNV TTEPITTTWON TTOU Eival A= 1 L 1o Bewprpara
autd Oivouv wg €101k Trepirtwon T1o [lMuBayopeio
Oswpnua.

‘ETo1 €Xoupe To ak6AouBo TTopioua:

Z€ KAOE TpIYO)VO ABT 10XUOUV 01 IC03UVAaHIEG:
(i) @® > B> +Y?, av kai pévoav A >1L,

(ii) a®> =B>+Yy? av kaipovoav A =1L,
(iii) a®> <B>+y?, av kai povo av A <1L,
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2UNQWVA ME TO TIOPIOMO auTtd Kal £TreId) o€ KAOe
TPIYWVO N HEYOAUTEPN TTAEUPA BPICKETAI ATTEVOVTI OTH
MEYOAUTEPN YWVia, OUYKPIVOVTOG TO TETPAYWVO TNG
HEYAAUTEPNC TTAEUPAG EVOC TPIYWVOU ME TO GBpoIoud
TWV  TETPAYWVWY TWV AGAAwv  TAsupwyv  TOU,
OIOTTIOTWVOUMNE OV TO TPiywvo Egival oguywvio,
opOoywvio | agfAuywvio.
NMAPAAEIITMA

Av og éva tpiywvo ABI eivar a=8, B=10 ka1 y=7, Oa
éxoupe PB°=100, oa°+y =64+49=113, B°<a’+Y>,
omote B <1 L kau emmeidn SnAadnq n B eivail n peyaAiTepn
ywvia ToOu TPIywVvou, To Tpiywvo Ba gival oguywvio.
Téhog ammdé Ta Bewpnuarta | kai Il ekppalovrag Tnv
mTPOoRoA} AA w¢g TTPOG TO CUVA TTPOKUTITEI TO ETTOHUEVO
TTOPICHA:

NOMOZ TQN ZYNHMITONQN

e kKabe Tpiywvo ABI 1oxUer n oxeEon
o’ =B>+y?-2By-OuvA.

Av peTadl TV nAsupwv a, B, Y €vog Tpiymvou ABI
Ioxvel Y = \/uz +B%+ \EuB, TOTE :
(i) va anodcitete om TO0 A
Tpiywvo gival auBAuymvio,
(ii) va unoAoyioeTe Tn yovia T .

AuUon

(i) Amé Tn OSoopévn 106TnTa B €8 B
TPOKUTITEl OTI N Yy E€ival n A I
MEYOAUTEPN TTAEUpA Kal TYXAUQ 12

EMITTAEOV OTI
Yy’ > a® +B°, omdre n ywvia I givar apBAcia.
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(i) Eeidn n ywvia [ eival auBAcia, cUNPWVA PE TO
Bswpnua auBAciag ywviag EXOUNE:
V' =a°+B° +2a-TA (1).
A6 TNV UTT60€0 N SpWG £XOUE
v2=0o?+B%+/30B (2).
J3

AT 116 (1) Kai (2) TrpokuUTrTElI OTI TA = 7[3.

E@apupolovrag 1o lNMubBaydpeio Oewpnua oTOo TPiywvo

2
AAI" éxoupe AA2=[32—FA2=%, OTTOTE M:%:%

TTOU ONMAivel OTI fag = 30° KAl ETTOMEVWG [ =150°.

EOAPMOIH 2

To UYoG uq €vog Tpiywvou ABTI diveTal ano Tov TUNO

ua=%\/T(T-u)(T-B)(T-Y), onou T=%(CI+[3+Y) n

NUINEPIUETPOG TOU TPIYWVOU. AVAAOYEG EKPPACEIC
I0XUOUV Kal yia Ta aAAa Uyn U, kai U, .

AnodeiEn
‘EoTw éva Tpiywvo ABIT kai AA 1o Uyog Tou U,. ATT6 TO

opBoywvio Tpiywvo AAB éxouue U2 = y° —BA® (1).
Mpétrel eTTopévwg va uttoAoyiocoupe Tnv TTPpofSoArl BA
TNG Y TTAVW OTNV O.
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. Av B< 1L am6 T10 1piywvo ABI éxoupe
B°=a’+y°—2a-BA

BA = %(az +y° —BZ) (2)

Av B> 1L amé T1o 1piywvo ABI éxoupe
B°=a’+y° +2a-BA R BA=—%(0(2+V2—|32) (3).
Ao TIG (2) Kal (3) TTPOKUTITEI oTi
BA® = 412(0( +y° —P° ) ME OVTIKOTAOTAON TNG OTroiag
otnv (1) Traipvoupe:

(1]2 (o +y2-PB?) =

[40( Y’ (0(2 +y° —BZ)Z] =

1

40(
= 4—2(2(20(\”0(2 +V° -[32)(20(\(-0(2 -y? +BZ) =
- LSRR LR CRNE
(B+a-y)
(B+y-a) (4).

Emeaidi a+ B+ y =271, 0a givai
a+y-B=21-B-B=2(1-B), a+P-y=2(T-y) Ka
B+vy—a=2(T-a), omdre n (4) yiverau:

o1
0, = 57 212(1-B)2(1-v)2(1-0) =

=%T(T—d)(T—B)(T—Y) amd TNV OTroia TTPOKUTITEI

TO {nTOUMEVO.
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A2KHZEIZ I'IA AYZH

EpwTnoeic Karavonong

1. ZTO TTAPOKATW OXAMO VO CUUTTANPWOTE TA KEVA:
) Bl =...+...+2AB...

i) Bl =...+...+2Ar ...

2. Na Bpe0ei To €id0g TWV ywVviwy Tpiywvou ABI éTav:
B =3y° +a’

i) y’ =a’ —PB°

iii) a° —B° =2y°

SAVB N TTAEUPA auBAuywviOUu TPIYWVOU
ABTI 161¢E ..... >a’ + ... (Na cUUTTANPWOETE TA KEVA).

a o
4. Av 01O TTapOaKATW oxAMa givalr AB = Al kau A =120
va SikaloAoynoeTe yiaTi o = 3B°.

A

120°

B I

Aoknoeic Epnédwong

1. Na egeTraocere av umrdpxel Tpiywvo ABI, pe a=6y,
B=5u, y=4u, 61TOU M O€TIKA TTaPAUETPOG. Na e€eTaoOEl TO
€id0G TOU TPIYWVOU WG TTPOGS TIG YWVIEG TOU.
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2. YIrapyxel Tpiywvo pME MAKN TTAEupwyV a=6, B=5, y=4;
Av val, va uttoAoyioBouv Ta Uyn Tou TPIyWVOU.
3. Aiveral Tpiywvo ABIM pg a=+/2, B=1++/3, y=2.

Na utroAoyio0gi n ywvia A.
4. Aivetal oSuywvio Tpiywvo ABIT pe AB = 4cm, Al =

5cm kai ABA = 30°, omou BA 10 UWog TOUu. Na
utroAoyioO¢ei n TrAgupa Tou BrI'.

AnNoOJEIKTIKEGC AOKNOEIC

1. O1 mAeupég evog Tpiywvou ABIT €xouv puinkn AB=9cm,
Bl'=7cm ka1 Al'=12cm. Na utroAoyioBei To HAKOG TNG
mpPofoAng Tng BI' ravw otnv AB.

2. Na atrodeigete 611 0g KGOe Tpatréfio ABI'A pe Baoccig
AB, I'A 1001 611 AI” +BA* = AN’ +BI* +2AB-TA.

3. Av BB’, I'T "gival uyn evég oguywviou tpiywvou ABT,
va atrodeifete 6T o° =B-MB +vy-BIr".

4. Aivetan opBoywvio Tpiywvo ABI (A = 1L
MNMpoekTeivouye TnVv TTAgupa Al kata N'A = BI. Na
atrodeifere 61 BA° =2BIM- AA.

5. Xg 1000KeAéEG Tpiywvo ABIC (AB = Al) @époupe
TTapdaAAnAo tng BI, Trou 1téuvel 1ig AB kai Al ota A Kai
E avrioToixa. Na atrodeifete 611 BE* =ElM + BIM- AE

6. AiveTal opBoywvio Tpiywvo ABI' (A =1 L) pe wAeupéc
a, B, y. YIrapyxel Tpiywvo pe TTAeupég Sa, 48, 3y;

2UvOeTa Ofuara A

1. Aivetal 1000KeAéG Tpiywvo ABIM pe AB = Al kan A =

30°. Na atrodeifete 6TI a =+/2 - J3.

2. Aivetal KUKAog Olapétpou AB kal pia xopdr Tou
F'A//AB. Av M gival Tuxaio onueio Tng AB, va atrodeifere
om M + MA® = MA® + MB-.

3. Aivetan Tpiywvo ABIN pe o’ =B° +y°. Na amodeifere
OTI TO TPiyWVO gival o§uywvio.
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9.5 Oswpnuara SIGUECWV

O1 emrépeveg METPIKEG OXEOEIG TTOU OO HEAETHOOUME
a@OPOUV TOV UTTOAOYIOHO TWV OIONECWYV EVOG TPIYWVOU
KOl TwWV TTPOROAWYV TOUG OTIG TTAEUPEG, WG ouvVAPTNON
TWYV TTAEUPWYV TOU TPIYWVOU.

Qswpnua I (1° Oswpnua Alapécwv

To afpoiopa TV TETPAYWVWV OUO NAEUPWV EVOG
TPIY®VOU I00UTAl HE TO JINAACIO TOU TETPAYWVOU TNG
OIGUECOU NOU NEPIEXETAI HETAEU TWV NAEUPWV AUTWV,
auénMEvo KAaTa TO MICO TOU TETPAYWVOU TNG TPITNG
nAguUpac.

Anodsign
‘EocTtw 1tpiywvo ABI, n didpecog kai To uwog AA. Av Al
> AB, 16TE TO iXVvog A TOU BpiokeTal peTalu Twv B, M

(ox.14) kai AMT > 1L, evio
AMB<1L

2xAua 14

E@appdloupe 10 Oewpnua aupAciocg ywviag oTo
Tpiywvo AMIT kai 10 Oswpnua ociag ywviag oTo
Tpiywvo AMB. ToTte Ba £xoupe OTI:

(i) AF2 = AM? + M2 + 2Mr" - MA
(i) AB? = AM? + MB? — 2MB - MA
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NMpoocOéTovrag kKatd MPEAN aUTEG TIG OXEOCEIG KAl
Aauypavovrtag utrown 6T1 MB = MIT £éxoupe:
Al + AB* =2AM* + 2MB° =

2 2
=2AM* +2(%) = 2AM? +% n

2

Bz+v2=2ui+%

Avaloya €xoupe Kal  TOUuG OKOAouBoug TUTTOUG:
2

Y
o’ +B° =2p$+? :

BZ
o’ +y* =2y +—.
2
ATToé TOUG TUTTOUG QUTOUG MTTOPOUME VO UTTOAOYIOOUME
T TETPAYWVA TWwWV OdIANECWY WG OUuvVAPTNON TWV

TTAEUPWYV TOU TPIYWVOU:
,  2B*+2y° —of

IJq 4 !
" 20° +2y* —B°
B 4
,  20° +2B° —y°
l"y - 4

Na Tov utTToAoYIONO TWV TTPOROAWY TWV JIAMECWYV OTIG
TTAEUPEG TOU TPIYWVOU £XOUHE TO aKOAOUBO Bswpnpa.

H Jdiapopa TWV TETPpAy®OVwV OUO NALUPWV EVOG
TPIYWVOU 100UTAlI HE TO SINAACIO YIVOHEVO TNG TPITNG
NAEUPAG eni TNV NpoBoAn TNG avTioToIXNG SIAHECOU
NAavw oTnV NAgUpa auTn.
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AnodeiEn
‘Eoctw 611 Al > AB. A@aipwvTag KATa HEAN TIG OXEOCEIG
(BA. Atréd<1gn Bswprparog I):
(i) A = AM* + Ml + 2MI" - MA
(i) AB° = AM” + MB* —2MB - MA
BI

Bpiokoupe 6TI Al — AB° =4MB-MA = 47 -MA

A B2—y2=2a-MA.

NMAPATHPHzH
Av 10 Tpiywvo ABI ceival 10ookeAég (AT = AB) n

P P ’ o
I00TTAgUpo TOTE, TO M TauTieTal pe TO A Kol TO 2
Bswpnua diapécwyY I0XUEI TAUTOTIKA.

9.6 BaoIKOi YEWMETPIKOI TONOI
XpNOIHOTTOIWVTAG TIG TTPONYOUUEVES METPIKEG OXECEIG
fa MEAETAOOUNE  TO TTAPAKATW TpOoBARMAT
YEWHETPIKWY TOTTWV.

NMPOBAHMA 1

‘Eotw A, B 800 oTtaBepa onpeia kair k éva doouevo
TURHA. Na BPEITE TO YEWHETPIKO TOMO TWV CGNHEIWYV,
TWV OMOoiWV TO AGOPOICHA TWV TETPAYWVMV TWV

anooTacewv ano T1a A, B 1coUTal PE K.

Auon

‘Eotw M éva onMEIiO TOU YEWMETPIKOU TOTTOU. ZUHNPWVA
pe To TPORANUa Ba eivar: AM* +BM® =k* (1).
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Av O gival To péco Tou M
AB, T16T1¢ Oamd TO 1O
fswpnua Twv dlapECWYV

0a éxoupe
B
2 o
2xAua 15
2 2 2 ABZ
AM- + BM~“ = 2MO* + =
2

k* =2MO” + AB =S

2 2
VO - J2k : AB

A1é TnVv 100TNTA aUuTh BAETTOUME OTI TO TUAMA MO é£xel
oT00gpd MNKOG.
‘Eto1l To M améxel amd 1o otafepd onueio O oTabepn

, , J2k?-AB? ,
amroéoTaon ion Me > , Gpa Bpiokeral oToVv
2k* — AB?
KUKAO (O\/ ]
2
AvTioTpoad. Oa amrodeifoupe OTI KGOe onueio M Tou
2 2
KUKAou (O,\/Zk 5 AB J gival Kol ongEio  TOU

{NTOUUEVOU YEWHMETPIKOU TOTTOU, ONAadR OTI I10YXUEI
AM® +BM? =k*. MNpdypat, omd T0 10 Bewpnua

2
SlapéocwyV EXoupe MA? + MB? = 2MO? + AB”
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k?.

J2k?—AB? | AB?
2 2

ETTopévwg O CNTOUMEVOG YEWMETPIKOG TOTTOG €ival o
KUKAOG 1TOoU €£XEI KEVTPO O TO pECcO TOU THAMOTOG AB Kai

J2k? = AB?

OKTiva ion JE

2
Aigpeivnon. AtrapaitnTn TPOUTTO0E0oN VIO VA UTTAPXEI
YEWMETPIKOG TOTTOG €ival 2k —AB° >0 <k > A—E
OT1av £XOUHE 100TNTA O YEWMETPIKOG TOTTOG ATTOTEAEITAI
MOvo atrd 10 onueio O.

NMPOBAHMA 2

‘EotTw A, B dU0 oTtaBepa onueia ka1 k €éva oTaBepo
TUAHA. Na BPEITE TO YEWHETPIKO TOMO TWV CNHEIWV,
via Ta onoia n d1apopd TWV TETPAYWVWV TWV

. . . . 2
anooTacEmV TOuG ano ta A, B icouTtal pe k.
AUon
‘Eotw M éva onuEIiO TOU YEWMETPIKOU TOTTOU. ZUHPWVA
ME TO TTPOBANua (yia AM > BM) givai

AM® —-BM* =k* (1).

‘Eotw O 1O MpéCO TOU X
AB Kkai € n guBeia M
MH 1 AB é6mou H n
mmpofoAl Tou M TTavw
otnv AB.

-
A o H —B
2xApa 16

A6 10 20 Bswpnua TWV dIOPECWYV EXOUME OTI
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AM? —-BM?* =2AB-OH &
2
K2 = 2AB - OH <> OH = < (2).
2AB
H 1o06tnTa autn d€ixvel 611 To TuApa OH gival otadepo.
NMapatnpouUpue 611 n TrpoffoAn Tou M Travw oto AB civai

otafepry, apa Tto M Bpiokeral ornv gubeia € | B oTo
2

onueio H, étmou OH= K
2AB

Kol BpioKeTal METASU TWV

onueiwyv O, B.
Avtiotpog@a. 'Eotw onueio H petagu twv O, B T1€TOI10,
k2
2AB
Ao 1T0 H @époupe TNV KABeTn €ubtia € otnv AB Kkai
£¢oTw M TUXOio onpeio TG £. Oa atrodeifoupe 611 TOo M
gival onueio TOU CNTOUMEVOU YEWMETPIKOU TOTTOU.
MpdypaTi a1rd 1o 2° Oewpnua SIAPECWV EXOUME
AM? —BM* =2AB-OH =

k2

=2AB -
2AB

WOoTE OH =

=k?

ETTopévwg 0 {NTOUMEVOG YEWHETPIKOG TOTTOG €ival N E.
Aiepedvnon. Av k = 0 givar MA°-MB° =0 R MA = MB,
omote To M 1caméxel amdé Ta onueia AB. Téte o
{NTOUMEVOG YEWHMETPIKOG TOTTOG €ival N HECOKABETOG TOU
TMApaToG AB.

A2KHZEIZ I'IA AYZH

Epwtnoeig Karavonong
1. 10 TTAPOAKATW oXAHa n AM cgival diduecog kair AA
uyog. lNMola oxéon gival CwWOoTH;
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L
i) AB + A = 2AM” + 2BM°

ii) AB® + Al = 2AM” + 2AA°

iii) AB® + Al” =2BI'-MA

iv) AB° - Al = 2AM” + 2BM°

AITIOAOYNOTE TNV ATTAVTNON COG.

2. ZTO TTOPAKATW CXAMA VO CUMTTANPWOETE TA KEVA

i) MA + MB = ...+ ..

i) MM + MA = .+
Na egnynoere yiarti
2 2 2 2
MA +MB =MI + MA.
3. Av o¢ Tpiywvo ABI cival
2 2 2
B +y =5a T10T1¢:
g B — 3_d Y — 3_d
2 t " “q - 4 t} = l‘lq - 2 ’
20

5. 4, ==
Ho ==

a. M, =
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KukKAwoTe TO YpPAMMO TrOU OVTIOTOIXEI OTN OWOTN
ATTAVTNON KAl AITIOAOYACETE TNV ATTAVTNON OG.

Aoknoesic Epnedmwong

1. g Tpiywvo ABI é€xoupe B=7, y=6 ka1 Hg=7/2. Na
uttoAoyioBouUv: i) n TmAeupd a, ii) n TPoBoAnl TNG
dlapéoou ugq otn BI'.

2

2. Na atrodeigete OTI o€ KAOE Tpiywvo 1I0XUEI i + By > %

3. Aiveral KUkAog (O,R), pia diaueTpog Tou AB Kal €0TW
I, A ta péoa Twv OA kai OB avrioToiya.

Av MF2 + MA2 = 5, 6trou M TUXQiO ONMEIO TOU KUKAOU,
va utroAoyioBei n aktiva R.

4. Aiveral Tpiywvo ABIT gyyeypappévo og KUKAo (O,R)
Kal €0TW O 1O BAPUKEVTPO TOU.

Na atmrodeigeTe OTI:

: 2 2 2_3 2 2 2
) pq+pﬁ+pv—z(a +B°+Yy )
i) OA? + OB’ + O =%(a2+[32+v2).

AnodeIKTIKEC AOKNOEIG A
1. Aiveran Tpiywvo ABI' pe A = 60°, B = 5, y = 3. Na

utToAoYI100¢€i n d1GNECOG TOU (.
2. Aiveral 1000keAEG Tpiywvo ABIT (AB = AlN) kal Tuxaio
onueio A tng AB. Na atrodeigere OTI
2
A’ — AB? = u
AB
3. i) Av ABI'A opfoywvio kai M Tuxaio onueio va

atrodEigeTe OTI
MAZ + MI'° = MB %+ MAZ.
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ii) Av ABI'A TeTpdywvo Kal onueio M O0TO €0WTEPIKO
Tou, Wwote MA = 1, MB = /2 ka1 Ml = /3, va Bpebsi n
TTAEUPA TOU TETPAYWVOU.

4. Av M, N gival péoa Twv diaywviwv AlL, BA &vég
TETPATTAEUpOU ABTI'A, va atrodeigeTe OTI

2 2 2 2 2 2 2
AB +BI' +A +AA =AI' +BA +4MN
(@ewpnua Euler).
5. Ztnv vutroteivouca BIT opBoywviou tpiywvou ABI

OswpouUpue Ta onueia A kai E TéTtoia, woTte
BA = AE = ET.
5

Na atrodeiete 6m1 AA° + AE® = §BI'2

6. Av oe Ttpiywvo ABI 1ox0elr B°+Yy° =20y, va
utroAoyiocOei n ywvia A.

ZUvOeTa Ofpara
1. AUo adéA@ia KAnpovounoav aypoTENAXIO OXAMATOG
Tpatmediou Kal ATTOPACICAY VA TO  MOIPACOUV
avoiyovrag Opopo Tou Oa evwvel TAa MECA TWV
TTAPAAANAWYV TTAEUpWYV TOU. AV o1 Bdoeig eivalr 8km Kai
6km, evw o1 pn TapdAAnAeg tAgupég Skm kai 7km,
mooco 0Ba oToixioelr n diavoiin Tou Opdopou, av 1
XIAIOpETPO dpoou KooTidel 50.000 dpx;
2. Aiveral Tpiywvo ABI, pe Al > AB ka1t M, N Ta péoa
Twv TTAeupwv AB kail Al avtioTtoixa. Av O 1o JéoO TOU
MN, va atrodeigeTe OTI:

2 2
or:_op? = Al ;AB
3. Zg nMIKUKAIO Siapétpou AB = 2a Bswpoupe Tuxaio
onueio M. Xwpiloupye Tn O1aueTrpo AB og Tpia ica
TuApata AMr=FA=AB. Na atmrodeigete 611 TO ABpoICHa
MA® + MB® + MI™* + MA® sivan oTaBepd.
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4. Aivetal poupog ABI'A TAgupdg a, O To KEVTPO TOU Kal
KUKAOG (O,Aq), A > 0. Av yia Tuxaio onpeio M Tou KUKAou
IOXUEI

MA® + MB® + MI'* + MA* = 18a°, va BpeBei 0 TTPAYHOTIKOC
ap1Ouég A.

5. Aivetal péufog ABI'A rAgupdcg a, pe diaywvio BA = a.
‘Eotw TU)aio onpeio P. Na atrodeigere OTI

o’ =(PA’-PB’) + (Pl -PA’)
METPIKEG OXEOCEIC OE KUKAO

9.7 TEPVOUOEC KUKAOU

Ag Bswpnooupe évav KUkKAo (O,R) kal éva eEWTEPIKO N

EOWTEPIKO onueio Tou P. Ard 10 P @pépoupe dUO TUXaiEG

guBgieg TTOU TEPVOUV TOV KUKAO oTa onueia A, B kai I, A

avriotoixa. To akéAoubo Otswpnua ekPpalel OTI

PA-PB=PI'-PA.

Av OUo Yopdéc AB, TA N OI MNPOEKTAOCEIC TOUG

TEPVOVTAI OE £Eva onpEio P, TOTE 1I0XUEI
PA-PB=PrI-PA

Anodsign

Ta Tpiywva PAI' kai PBA
gival épola, agou
PAI=PAB ka1t PTA=PB
A (10 ox.17a £éxoupe

2xAua 17a
611 PAT = PAB YIOTi TO TETPATTAEUPO €ival eyypAWYIHO
KaI N PAT civai £CWTEPIKA TOU ywvia.
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2to oX. 1788

PATI = PAB wg
EYYEYPOMMEVEG YWVIEGC TTOU
Baivouv oTto idlo T16&0).
Etropévwg, 1I0XUEI OTI

Zxnua 17

PA _Pl 4. PA.PB=PI.PA

PA PB

2xAua 18

NMaparnpoUpe AoITTOV OTI TA YIVOHMEVA TWV THNHATWV
Tou opifouv o1 Téuvouoeg &vog kukAou PA -PA,,
PB,-PB,, PI,-Pl,, ... mapapévouv otaBepd. To yeyovog
aQuTO paG odNYEi OTO CUUTTEPACHA OTI TA YIVOMEVA QUTA
gCapTwvTtal pévo atmd 1Ig BEcelg TOu onueiou P Kal Tou
KUkAou (O,R).

2TnV €1I0IKN TTEPITITWON TNG EPATTTOMEVNG, OTTOU TO dUO
onueia Toung Tautiovral, To Bewpnua 1IC0XUEL.
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OQswpnua II

Av ano eva eEwTepPIkO onpeio P kukAou (O,R)

(PEPOUHE TO epanTopevo TuNHa PE kai pia guBeia nou

TEUVEI TOV KUKAO oTa onpeia A, B, TOTE 10XUE!I OTI
PE°=PA.PB

AnodeiEn

Pépoupe TV gubeia PO n otroia Téuvel Tov KUKAO OTO

onueia I' kar A. Oétoupe OP = §, oroéTE ATTO TO BEWpPNA

| Exoupe OTI:

PA-PB=Pl-PA=
= (5-R)-(8+R)=5>-R>.

2xApa 19

Ao T1O0 [luBayodpeio OBswpnua oTto Tpiywvo POE
TTPOKUTITEI OTI

PE’ =PO” - OE’ =5° —R?
Apa PE’=PA.PB.
2TnV TTponyouuevn atrodeiin eidape 6T av pia gubeia
OIEpXETAl ATTO £va eEWTEPIKO onpeio P KUkAou (O,R) kai
Téuvel Tov KUKAO o€ onueia A, B 161 PA-PB=35"-R°’

‘Opoia atmrodeikvietal 611 PA-PB=R*-38° av 10 P civai
ECWTEPIKO ONMEIO TOU KUKAOU.

H diagopd 8> —R* Aéyetan dUvaun Tou onpeiou P wg
npog Tov kUkAo (O,R) kai cupBoAileTal
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A'EO,R) =8*-R? =0P?*-R?,
Ag g&etaooupe 11 oudBaivel étav 1o P gival eocwTepPIKS
onueEio Tou KUKAou 1 Otav avhikel o autov. TOTe n
OUvaun Tou onueiou P wg mTpog Tov KUKAo (O,R) eivail
apPVNTIKA 1 ion ME TO uNOEV avTioToIX .
ATré TOV OpICHS TNG dUVANNG ONMEIOU WG TTPOG KUKAO
KOTAOAOBAiVOUME OTI OUCIACTIKA EKPPACElI T OXETIKN
0éon Tou onueiou P wg mTpog Tov KUKAO (O,R), kKaBwg
ggaptaral gyovo amodé 1o O, dSnAadn Tnv amréoraon Tou P
a1TO TO KEVTPO TOU KUKAOU. ETTOHEVWG, EXOUME OTI:
e 710 P sival eEmTEPIKO onpeio Tou kKUkAou (O,R) av
Kdal HOVOo av

P
A(O,R) >0

e TO P €ival eowTEPIKO onpEio Tou KUKAou (O,R) av
Kal HOVOo av

Ag <0

e TO P €ival onpeio Tou kukAou (O,R) av kai povo av
Alpg =0

/ Mndeviki

o X

ApVﬁ;lKﬁ
ouvapun

Zxnua 20
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E®OAPMOIH 1

Av dUo Tpunupata AB kai A | 0Ol NPOEKTACEIC TOUG
TEPvVOVTAI O €va onpeio P €To1 wote PA-PB=Pr-PA,
TOTE TO TETPANAEUPO HE KOPUYPEG Ta onpeia A, B, T, A
gival eyypayipo.

AnodeiEn

Ag Oswpnooupe 1o onueio TouRg P Twv Tunuartwv AB,
'A 4 TWV TTPOEKTACEWYV TOUG (0X.17). H doopuévn oxéon

PA-PB=PI-PA ypdoeral ';’: - I':ﬁ kai agou APT = BP

A, Ta Tpiywva APIkal BPA Oa givail 6poia.

ETropévwg PBA = PfA, OTTOTE TO TETPATTAEUPO Eival
EYYPAWIHO.

NMAPATHPHZzH

H spappoyn ekppdlel TO avTioTpo@o ToUu BEwWpPUATOG
l.

EOAPMOIH 2

Ac Oswpnooupe uBcia € ka1 Tpia onpeia Tng P, A, B,
HE TO A peTadu Twv P kai B. 'EoTw onpeio E ekTOG TNG
guBciac € Tétoio, wote PE* =PA-PB. Tote 1o Tpfpa PE
gival EpAanTOHEVO OTOV KUKAO, nou opilouv Ta onpEia
A, B, E.

Anodei§n

‘EoTtw (O,R) 0 KUKAOG TTOU dIépXETOI OTTO TO OonpEia A, B,
E (0x.19). Téte PE?=PA.PB=0P?-R?>=0P?-0OE’ R
PE’ +OE*=0P?, ométe 710 Tpiywvo OEP c&ivai
opBoywvio kal n PE gparmreral otov KUKAO (O,R).

NMAPATHPHZzH
H epappoynl autp &K@PAleEl TO AVTIOTPOPO TOU
Oswpniuarog Il.
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E®APMOIH 3n Algipeon TUAHATOG OE MECO Kal

akpo Aoyo ( Xpuon To
Na dia1peBei Eéva Tunua AB, o€ duo avioa Tunpara Ar,
'B woTE TO HEYAAUTEPO ANO aAUTA va E€ivalr HECO
GVvaAOyo TOU HIKPOTEPOU Kal TOU dapyikou
EUOUYPAHUHOU THNHATOG.

AnodeiEn
‘Eotw AB = a ka1 Al' = x E
TO MEYOAUTEPO aATTO TA A
TMAMOTAO OTA OTTOId O
A
X I B
2xAua 21

Xwpicetal To AB amé 1o I (ox.21). Tote 'B = a . x ka1 Ba
wpémel va 10x0el n oxéon: Al*=Al-TB f x*=a(a-x)
(1).

H oxéon (1) ypdgetal x*+oax—a’ =0 R X(X +a) =a’ (2).
‘ETOl1, VIO VO KOTOOKEUAOOUME TO X YPAPOUHE KUKAO

(O,%) TTOU EQATTTETAI OTO €UBUypauupo TuApa AB oto

onueio B kal @époupe Tnv AO, n otroia TEPVEI TOV KUKAO
ota onueia A, E. Tore i1oxter 6m1 AB°=AA-AE=
AA(AA + AE) =

= AA(AA + AB)R o’ = AA(AA +a)

otroTte To AA £xel To {nTOUNEVO MAKOG Kal To I gival n
TOUN Tou KUKAou (A, AA) kal Tou TuRuaTog AB.

2XOAIO0

To TtpoBAnuUa Tng Odlaipeong &vog gubBuypappOU
TMAMOTOG O€ NECO KAl AKPO AOGYO gival YVwWOTO onuEpa
Kal wg TPORAnUa TG Xpuong TOHRG.
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Me 10 TTPOBANUA AUTO ETTIAUETAI YEWHETPIKA N £gicwon
x*=d(a-x) { x* +ax—a’ = 0.
H 0etiki pia Tng efiowong x°+ax—-o° =0 eivai

q(\/g — 1)
X = ,
2
.. . . a J5+1  « i
aTré OTTOU TTPOKUTITEI OTI — = = TTou €ival N

X 2 o—X
avaAoyia TG «XPUOARG TOMAGY.
O Tapamdvw Adyog oupfoAiletal dieBvwg ME TO

, . B+1
Ypdaupa @, dnAadn ¢ = >

O cupuBOAICHOG TTPOEPXETAI ATTO TO OVONA TOU YAUTITH
TNG KAAoIkKAG apxaidtntag @edia o0  oTroiog
Kataokevaoe Tov [MapBevwva. O1 apyxaiol 'EAAnveg
@IAGcO@OI dlaTTioTWwoav 6Tl 6TTOU EUPaVviIleTal 0 AOYyog
@ (apXITEKTOVIKK), YAUTTTIKR] KTA.), OnuIoupyEi TNV
aioclnon Tng apuoviag.

AZKHZEIZ I'IA AYZH
EpwTnoeic Karavonong
1. Na mTpoodiopioBouv oI TINEG TWYV X, Y, OTA TTAPOAKATW
oxnuaTa:

DS

2 I'I0|0( n duvaun onueiov P wg mmpog kKukAo (O,R) éTav
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3. Av oT1o OImTrAavé oxnua Eivai
Alr = -3, va umoloyicete TNV A
OaKTiva R Tou KUKAOU.

Aoknoesic Epnedmwong

1. Aiveral KUKAoG (K,6) kal onpueio A, wote AK=14cm. Av
aT1rd 10 onueio A @époupe TEpvouoa ABIT TTou TEUVEI TOV
KUKAO kKatda xopdny B'=6cm, va utroAoyioete To AB.

2. Av o€ Tpiywvo ABI o KUKAOG, TTou diEp)eTal atrd 10 A
Kal Ta péoa M, N twv AB kail Al' avTtioToixa, EQATTTETAI

Tng B o710 A, va amrodeifere 611 AA* = AB- AT
3. Oewpoupue KUKAo (O,R) kai TiIg xopdég Tou AB, I'A TTOU

A _PA

TEpvovTtal oto P. Av 10XUEl OTI va atrodeigeTe

OT1 o1 Xopdég AB, I'A ival ioeg.

4. Na atrodeifeTte OTI n TTPOEKTAON TNG KOIVAG XOPONS
OUo0 TepVOpEVWY KUKAwWV Odixotopei KABe Koivo
ECWTEPIKO EQATTTOUEVO THAMA TOUG.

AnodeIKTIKEC AOKNOEIG

1. Terpaywvo ABI'A 1mrAgupdg a gival eyyeypaudHéEVO O€
KUkAo (O,R). Av E e¢ivali To péco tng AA ka1 n BE
TTPOEKTEIVOMEVN TEMVEI TOV KUKAO OTO Z, VO OTTOOEISETE

oTI:

i) BE = % i) BE = 5EZ

2. Aré onpueio A k166 KUKAoU (O,R) pépoupe TEpvouoa
ABI' KGIAS(pG1TT6|.l£VO TMApMa AA. Av n 81xoTépoG TNG
ywviag A Ttéuvel Tig BA, T'A ota E kai Z avrioToixa, va
atmrodeigere 611 EB-ZIT = EA.ZA.

3. Av n Oiauecog AM Tpiywvou ABI Tépvel ToOV
TTEPIYYEYPOMMEVO KUKAO OTO E ,va atrod£igeTE OTI:
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2
) AM. ME = BZ ,
i) AB°+ Al = 2AM- AE
4. Aivetar KUKAog (O,R) kai guBeia € TTou dev TEPVEI TOV
KUKAO. ATrd onpeio M tTnG € QEPOUME TA EQATTTOMEVA
TuApata MA, MB ka1 Ol Le . Av n AB Téuvel Tnv Ol oT1o
N, va atrodeifete 611 ON- Ol = R”.
5. Aivetai opBoywvio Tpiywvo ABI (A = 10U,
gyyeypappévo o€ KukAo (O,R) kal To uyog Tou AA. Av
METABANTA €uBtia TTou diEpxeTal atrd To I TEMVEI TO VYOG
oto M kai Tov KUKAO oT10 H, va amrodeiiere OTI

M.IH =TA°

2uvleTa Ofuara
1. Av n Oixorépog AA Tpiywvou ABI Tépvelr 1OV

mepiyeypappévo KUkAo oto E kai eivar AA° = AB- Al, va
atrodeifere 61 AE® = 2EI™.

2. Aivetan Tpiywvo ABI™ e B°+Yy° = 2a°. Av n d1GpECOC
AM Téuvel TOV TTEPIYEYPOMMEVO KUKAO o©oT10 A VA

a3

atrodeigeTe 611 MA = —

3. Ze Tpiywvo ABI eival p, = gﬁ. Av M 10 BapukevTpo

TOU Tpiywvou ABI, va amodeifete Om1 O
TTEPIVEYPAMMEVOS KUKAOG TOU Tpiywvou ABM spaTtrreTai
TnG BI' oT10 B.

4.Aiveran Tpiywvo ABIT, n dixotépog Tou AA, n di1auecég
ToUu AM Kai o Trepiyeypappévog KUKAoG (K) Tou Tpiywvou
AAM. Av E, Z cival Ta onpueia Toung Twv AB kai Al pe
ToV KUKAO (K) avrioToixa, va atrodeifete 611 BE = M'Z.
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1. 'Eotw AB, 'A 000 euBuypappa TuAMaTa. Ikavh Kai
avaykaia ouvOnkn, wote ABLIIA civalr va 1oxuel oI
Ar“ — AN =Bl —BA°

2. Aiveran Tpiywvo ABI. Av AA gival n dIXOTOHOS TNG
ywviac A, va atrodeifete 611 AB- Al = AA? + BA - Al

3. Av M cival To péoco 1tnG TAtupdg BI' ofuywviou
Tpiywvou ABIT kai BA 10 Upog TOU, VO ATTOdEIgETE OTI
AM =BM° + AA- Al

4. Oswpnua Stewart

i) 'Eotw A onpueio Tng mTAgupdag BI, Tpiywvou ABI. Na
amodeifere 611 BA-Al* + Alr- AB” = BF(AA2 +BA.- AF)ii)
Na diatuttwoeTe TO Bewpnua Stewart 6tav to ABI™ ivai
Ic00KeAEG (AB = AIlN).

5. Aiverar oguywvio T1piywvo ABIT pe pglpy. Na
ATTOOEIETE OTI:

) B°+y° =50,

ii) av AA Ugog kal H To opBokevTpo Tou Tpiywvou ABT,
16T AH- AA =20°.

6. Z& oguywvio Tpiywvo ABIT pépoupe Tn didueco AM.
Av A n mpofoAr Tou M TTadvw otnv AB va atrodeifeTe OTi
Bl =3AB° + Al —4AB - AA

7. Aiveral kKUKAog (O,R) pia akrtiva OA ka1 xopdn BI
TAPAAANAN Tpog TNV OA. Na amodeifete o611 1O
dOpoiopa AB® + Al* gival oTaBepo.

8. Aivetal kUkKAog (O,R), pia diaueTrpog AB kai I, A Ta
Héoa Twv OA, OB avriotoixa. Av pia xopdry EH tTou

J13

Oiépyeral atmrd 1o I gival EH = TR, va atrodeigeTe OTI

EAH =1L,
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ApaoTnpioTnNTE

1. Aivetal opBoywvio Kal 1I000KeEAEG Tpiywvo ABIN (A =
1L) pe ioeg mAeupéc a. Zro nuiemimedo akuAg Bl mou
Oev mrepIExel To A Bewpoupe To opOoywvio BIr'AE pe BE
= ao. Eotw Z, H o1 mpofoAég Twv B, A avrioToixa otnv
El. NMpootrabnote va avakKaAUWETE ETTOTITIKA TN OXEON
Twv Tunuatwv M’H, HZ ka1 ZE kol oTn OUuvéxela va
ATTOOEISETE TOV IOXUPICHO OOG.

2. Mg KatdAANAnN YEWHETPIKA KATOOKEUN TTPOCOIOPICTE
TNV .0KpIRA. BEoN TwV apIBuGV /3, —/3Kal /5 Trdvw
OTOV ASOVA TWV TTPAYHATIKWY APIOHWYV.

Na BpeBei 0 YEWHETPIKOG TOTTOG TWV ONHEIWYV TTOU £XOUV
TNV id1a dUvaun wg pog duo KUKAoug (K, R) kai

(A, p) OTOV:

i) O1 KUKAoI TEpvovTal (YNOJEIEN: pEPTE TNV KOIVH XOpdN
TOUG),

ii) O1 kKUkAol g@dmrovral (YnOdeiEn: @épTe TV KOIVA
EQATTTOMEVN),

iii) O1 KUKAoI gival o0 €évag €EWTEPIKOG TOU GAAou
(Ynode&i€n: xpnoipotroinoTe To TpoRAnua 2 Tng §9.6).
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I2TOPIKO ZHMEIQMA

To npoBAnua TnG d1aipeECNG O€ HECO Kal AKPO AOYO

H mpoéAeuon tou mTPpoBARUATOG TNG Olaipeong €vog
guBUypauuou TUAMOTOG O©€ OUO MEPN, £TO1, WOTE
TO MEYOAUTEPO THAMO TOU va gival pEON avAAOYoOG
avapeoca o€ OAGKANPO TO TUAMA KOI TO HIKPOTEPO THAMO
Tou, O6nAadl a:x = x:(a - x), Oev eival 10TOPIKA
eCakpifwpévn. Opilopgévol  1I0TOPIKOI  avdyouv TRV
mpoéAguon) Tou otnV MNMNubayopeia oxoArn, cuvdEOoVTAg TO

2
ME TNV HEAETN TNG TETPAYWVIKAG £gicwong x +ax=a

OTTWG Ep@AVIeTAlI OE YEWHETPIKN YAwooa oto BifAio Il
TWV «2ZTOIXEIWV» TOU EUKAEION | pE TNV avaKAAuywn TNG
OQOUMMETPIaG oTnv apyaia EAAAda, kai GAAol pPeE Tnv
KOTAOOKEUR TOU TTEVTAYWVOU aTTO TO OeaiTnTO TTEPI TO
386 1r.X.
210 «ZTOIXEio» TOU EUKALidOn TO TrPOBANMO auTtd
gp@avidetal ota £§Ng BiBAia:
1. oto BiBAio Il (MpoTtdoceig 5, 6 ka1 11), TTou cuvdEeTal
ME TNV «TTAPABOAN XWPIWV» KAl KATA CUVETTEIN ME TV

giowonx +ax=a ,

2. oto BiBAio IV (Mpotaoceig 10-11), KaTd TNV KATAOKEUN
TOU KOVOVIKOU TTEVTAYWVOU,

3. oto BiAio VI (Opiopo6g 3 kai MNMpotaoceig 29-30), 61TOU
o0 EukAgidng xpnoigoTtrolei £vvoleg atrd T YEVIKN
Bswpia Twv avaloyiwyv Tou Eud6gou tTou eKTiBETAI
o1o BiBAio V (BA. Métpnon).

4. oto BifAio XIlll (MpoTtaoceig 16 kai 17), kata Tnv
KOTOOKEUN TOU KAVOVIKOU EIKOCOESPOU Kl
OWOEKAEDPOU, OTNV OTTOIN EVEXETAI TO TTEVTAYWVO.
Metd Tov EuUkAgidn 1o mTPpOBAnpa TnG dlaipeong ot

MECO KOl AKPO AOYO EH@AVICETOI OTO OTTOKOAAOUMEVO

« ZUNTTARpWua » | BiIBAio XIV Twv « ZTOIXEIWV »,
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mTou atrodideral otov YWIKAR (206 ai. m.X.). 10 £pYyo
ToU Hpwva gyavifeTal o€ oxéon ME TOV TTPOCdIOPIOHO
TNG ETMIQPAVEIOG TOU TTEVTAYWVOU KAl TOU OEKAYWVOU, Kal
oTn « Zuvaywyn » Tou [lATToU OTNV KATOOKEUR TOU
EIKOOOEDPOU KOl TOU Owdekaédpou, KaBwg Kol oTa
BswpuaATa CUYKPIONS TWV OYKWYV TOUG.

21NV Apafiki trapdadoon O&v utrdpxouv evoOEigelg
£10ayWwYynGg TNG £€vvolag TnG dilaipeong Evog TUAMATOG O€
MEOO Kal AKpO AGYyo, av Kal oTo £€pyo Tou aA-Xouapilul
(Trepitrou 780-850), Tou Aptrou KapiA (mrepitrou 850-
930), Tou AutroUA-Oudga (940-997/8) k.a. egetalovrai
ouvaen TpoRARuaTa.

21NV EupwTraiki mTapdadoon ol atmrapXES TNG MEAETNG
TWV 1I010TATWYV TNG Olaipeong og NECO KAl AKPO AOyo
avayovrtal otov Aegovapdo tng Midag i Piytrovarol
(TrepiTrou 1180-1250), TTOU £8eTACEI METPIKA TTPORBARMATO
TOU TTEVTOYWVOU KOl TOU OgKaywvou, Kabwg Kai
mpoBARquaTa TTPOCdOIOPICHOU  TOU  OYKOU  TOU
E£IKOoUESPOU Kal TOU Owodekaédpou. O PiutTovAaTol gival
TMEPICOOTEPO YVWOTOG aATTO TO «mMPORANMA  TwV
KOUVEAIWVY», TToUu €KTiOeTal oTto «BIBAi0 TOUu dABaka»
(Liber abaci): «Méoca {evyn KouveAlwv MTITOPOUV Vva
vyevvnOouv péoca oe éva Xpovo amd Eva Jeuydpl
KOUVEAIQ; ... OTAV N@UON TWV KOUVEAIWV Egival TETolA
TTOU KABg pnipva yevvouv éva aAAo {euydpl Kal apyiouv
TNV avaTTapaywyn To OeUTEPO MRAVA META TN YEVvnOon
TOUG.»

O Qiutrovarol deixvel 611 To POLRANpA autd odnyei
oTn Yéveon TnG akoAouBiag 1, 1, 2, 3, 5, 8, 13, 21, 34, 55,
89, 144, 233, 377, . TTOU OVOHAOTNKE aKOAoulia (apiBuoi)
Tou Qipmrovaror amé Tov P.E.A. Aoukag (Frannois
Edouard Anatole Lucas, 1848-1891) ka1 oxnuparti¢eral
oUP@WVA PE TOV Kavova: .U, =1 u, =1, u,=u,,+U,,

H oxéon tng akoAouBiag autig pe 1o TTPORANMA TNG
Olaipeong o€ HEOO KOl AKPO AOGYO gival OTI TO OPIO TOU
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AOGyou TOU £TTOUEVOU TTPOG TOV TTPONYOUMEVO OPO TNG

akoAouBiag 100UTOI ME TNV TIMR TOU HMEOOU KAl AKPOU

2
Adyou, dnAadn pe Tn pifa TnNG icwong x + ax =a , Kal

gival appntog apiOuég. Asv utradpxouv evOoEigeig OTI

o Quumrovdrol yvwpelle TN OYXéONn OQUTA, N oOTroia
ATTAVTATOI OPYOTEPA OE NAONUATIKOUG TOU 160U-170uU al.
(KétrAep, ZIpdap, Ziptroov). H yeviki pop@n Tou vV-00TOU
6pou TG akoAouBiag PipTTOoVATO!|

L 1 [(1+\/§]v+1_(1_\/§}v+1]
v 5 2 2

OnuooieuTnKe T0 1843 atrd Tov Z. MmIVE.

To 130 qaI. 0O METAPPAOTAS KOl OXOAIQOTAG TOU
EukAgidn Kautravog tng NoBdpa mrpooBétel oto BiAio
Xl Twv «ZToixeiwvy» (1482) pia TTPOTAON TTOU TTEPIEXEI
MId  aplOunTIKR O1ToedEIEn TNG OOUMMETPIOG €vOg
€UOUYPOMMOU THAMATOS KOOI TwV OUO HEPWV TOU TTOU
AauyBavovral arré Tn dl1AipeECH TOU O& HECO KOl AKPO
Adyo.

To 150-160 al. avalwoyoveiTal To evOIAPEPOV TTPOG
TN Olaipeon o€ MECO KAl AKPO AOYO O€ OXEON HME TIG
EQAPHOYEG TNG OTNV NEWMETPIA KAl TRV APXITEKTOVIKN.
2TO TTAQICIO AUTO EICAYETAI O OPOG «XPUOT TOMNA» ATTO
Tov Agovdpvto vra Bivrol. To 1509 ekdidetal «H 0O¢gikn
avaAoyia» (Divina proportione) Tou Aoukda [MaTtcoAl
(L. Pacioli, 1445-mrep. 1514), TTOoU av Kal €ival €101KA
aPIEPWHMEVN OTO TTPORANMA TNG dlaipeEONS OE HECO KAl
GKpo AOGYO, N HOONMATIKH SIATTPAYHATEUOT TOU BEPATOG
gival yaAAov aduvarn).
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ANAKE®DAAAIQZH

MeTpIKEG OXEOEIC OTO TPIiYyWVO

NMuBayopeio OQswpnua dlapNECWYV
A~ 2
a’=p°+y" < A=1 1° By’ =20+ =

2° B2-y2=2a-MA

Nevikeuon MuBayopeiou
A<t o a’=p*+y°-2B - AA
A>1 & o’=p2+y2+2B - AA

Y1roAoyIop6G TwV S1apécwyv

TPIYWVWV
NMpoodlopIoONOG TOU €idOUG TPIYWVOU WG TIPOS TIG
YWVIEG

Nopog ouvnuITOVWY
o’ =B +y° —2By:-ouvA
YTroAoyIou6G TWV UPwVv

v, =2 Jr(r=o)(T-B)T- V)

MeTpIkéEG OXEOEIG OE KUKAO
» Ocwpnua Tepvoucwyv: PA-PB =PI -PA
» E15i1kf mepimTwon epatmtopévng: PE° =PA-PB
» AUvapun onuEiou wg TTPOG KUKAO: AF(’O,P) = OP’ -R’

® To P cival e§wTtepIKO onpeio Tou KUKAou (O,R), av kai

uévo av A, > 0.

® To P gival eowTePIKO onueio Tou KUKAou (O,R), av kai

uévo av A, <0.

® To P gival onueio Tou KUkKAou (O,R), av kai pévo av
A =0.

(O.P)
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KEdPAAAI

Eupada

Eivali atmodektdé O1TI n é€vvoila TOU €guPRadOU €vOg
EUOUYPOMHMOU OXNHOATOG TIPOEKUYE ATTO TNV AVAYKN
QVTIMETWTTIONG TTPORBANMATWY TNG KABnuepIviig {WNG,
OPKETA Xpovia Tpiv. [pdayparti e€ivalr 10TOPIKA
emipeaiwpévo  O6m1 n  lNewpeTpia  gPPAVIOTNKE,
TOUAAXIOTOV TPEIG XIAIETIEG TT.X., WG TEXVN UTTOAOYICHOU
MNKWV, €guRadwyv Kal OYyKwV OToug Adaoug Trou
KATOIKOUOOV KOVTA OTOUG TroTapoug Neido, Tiypn kai
Euppdtn. Ztnv Aiyumto pMAAIOTO ATAV  TEXVN YIA
METPNON VYNG. ApyldTtepa n €vvoila Tou gMPBadoU
OepeAIONKE aUOTNPA KOl YEVIKEUONKE O OUVOAQ TrIO
TTOAUTTAOKO 1T TA EUBUYPAMMO OXAMATA.

2T0 KEPAAAIO autd aOoXOAOUMOOTE ME TNV €vvold TOU
EMBadoOU &vog guBuypappou  oXnUHAToS.  ApXIKA
E1I0AYOUHE TNV €vvola Tou geuBadol evog TTOAUYWVIKOU
XWpPiou R HIaG TTOAUYWVIKAG emi@aveiag. Karotriv,
divoupe TUTTOUG UTTOAOYIOMOU TOU €gHBadoU ToOUu
TETPAYWVOU, TOU opBoywviou, Tou TTapaAAnAoypdaupou,
TOU TPIYWVOU KaI Tou Tpatrediou. 2T ouvéxela, Oivouue
T oxéon Twv guBadwv OUO OHOIWV EUBUYPOAMHWYV
OXNMATWYV Kal TEAOG AVTINETWTTICOUME TO TTPORANMA TOU
TETPAYWVIOHOU £VOG TTOAUYWVOU.
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Piet Mondrian (OAAavd6g, 1872 - 1944),
Mivakag I, Aad1 o kapfa, 1921 - 1925
2uAAoyni Max Bill, Zupixn.

52/210



MoAuywvika xwpia . MoAUYywVIKEG ENPAVELEG
10.1 MoAuywvika Ywpia

Ag OGswpnooupe éva TTOAUYwvo,
yia Trapadeiypa €va TreEVTAywvVo
ABI'AE (ox. 1). To ToAUywvo padi
ME TO ECWTEPIKA TOU ONUEia

2xApa 1
atroTeAOUV £va Xwpio, TTOU AEYETOI MOAUYMWVIKO XWPEIO
TTou opideTal amrd To ABIAE.

‘Eva TToOAUywvVIKO XWwpio TTOU OpileTal ATTO TPiyWVO,

TETPATTAEUPO, ... , V-YWVO AEYETAI AVTIOTOIXO TPIYWVIKO,
TETPANAEUPIKO, ... , V-YWVIKO.
a A’
2XAMa 2 A

Etriong, OU0 TTOAUYWVIKA Xwpia Afyovtal ica OoTav Ta
avTioToIXa TTOAUYywvVa gival ica (o)X.2).

TéEAOG £Eva OXAMO TTOU ATTOTEAELITAI ATTO TTETTEPACHEVO
TTARO0G TTOAUYWVIKWYV XWpPiwv, TToU avd dUo dev Exouv
KOIVA €OWTEPIKA onueia, AEYETal  MOAUYMVIKN
ENIPAveia.

Na mapadeiyya, To oxAua
ABIrAEZ (ox.3) ¢ivar puia
TTOAUYWVIKN ETTIQAVEIQL.

2xAua 3
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10.2 EpBadov subuypapgpou OXNHATOG
Iooduvaua subuypappa oxnuara

2T0 70 Ke@AAAIO ava@ePONKAME OTN METPNON TWV
EUOUYPOUNMWY TUNMATWYV. EOW 0a aoxoAnBouue pe TN
METPNON TTOAUYWVIKWYV XWEIWV KAl ETTIYAVEIWV.

‘EoTWw, Aoitrév éva /
TOAUYWVIKO Xwpio S (ox.4).
Ommwg Kol ota guBuypauua -
TMAMATO, HETPNON TOU XWpiou
S AéPe Tn OUYKPIOH TOU JE éva
GAAo emriTreEdO YWpPio O, TO
OTTOio

Zxnua 4
EMIAEYOUHE WG povada. H ouykpion autry odnyei o€ Hia
oxéon TNG MopPPNG: S=A-0, 6TTou A BeTIkOG apIBuoG.
(ZTnVv Trepirrwon Tou oyx. 4 givan A = 7,5). O BeTIKOG
aApPIONOG A AfyeTal ePBADOV TOU TTOAUYWVIKOU XWwpiou S
Kol cupBoAileTal pe (S). NMoAAEG popég TO EHPBAOOV VO
TTOAUYWVIKOU XWPIoU i MIOG TTOAUYWVIKAG ETTIPAVEIONG
0a To ocupfoAiloupe atrAd e To ypaupa E. Etriong, ota
EMOpeva, 0a Aépe euBaddV Tpiywvou, TETPATTAEUPOU KAl
YEVIKA TTOAUywvVou Kal Ba evvooupe 1o £uBaddv TOU
AVTIOTOIXOU TTOAUYWVIKOU XWwpiou.
Na 1o guBaddv deXxOpAOTE OTI IOXUOUV Ol ETTOMEVEG
1010TNTEG (aIWpaTA):
¢ 'IToa noAuywvika xwpia Exouv ioa eppfada.
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e Av £va noAuywviko xwpio (n
HIO MNOAUY®VIKN €mpaveia)
XWPIilETaI OE NENEPACHEVOU
nAROouc NOAUY®WVIKA

ZxNpa 5
X0Wpia, nou dev £XOUV KOIVA E0WTEPIKA ONHEIA, TOTE
TO EuBadov Tou Io0UTAI HE TO AOpPOICHA TOV ENRAdDV
TWV ENIHEPOUC MNOAUYWVIK®OV XWPinV. MNa TTapddsiyua,
yia 10 egaddv Tou TToAUuywvIKoU Xwpiou ABIAEZ Ttou
(ox. 5) éxoupe:
(ABIAEZ) = (ABI) + (ATAZ) + (ZAE)
Emriong dexopaoTe OTI:

° To epBadov EVOG
TETPAYy®WvVoOU nAeupac 1 eivai
1.

Ao T TTAPATTAVW AIWHATA TTPOKUTTTEI OTI:

® Av éva TTOAUYWVO P TTEPIEXETAI OTO ECWTEPIKO €VOG
GAAou TToAuywvou Il (ox.6a), Téte TO EUPBAdOV TOU P
gival pIKpOTEPO TOU Euadou Tou I1.

2xAMa 6
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Eidape TTapatrdvw 611 av dUO0 TTOAUYWVIKA Xwpia gival
ica, 10T €Xouv ica euBadd. To avrioTpoo Eeival
@avepod (o). 6B) 611 dev IOYUEL.

AUo oxnpara tmTou €xouv TO idI0 £uBaAdOV AéyovTal
1I000Uvapa f IcERPadika.

‘ETol oxAuata Trou Oegv  gival ica PITOpouv  va
OUYKPIiVOVTal WG TTPOG TO ENRadOV TOuG.

Me tn BoRdsia Twv TTapaATTAvw IBIOTATWY TOU £uRadoU
MTTOPEI VO aT1rodEIXBei TO £TTOMEVO Bewpna.

Oswpnua

To epBadov E EVOC

TETPAYWVOU MNAEUPAC a Eival
uz, onAadn: E = a’.

Ve

10.3 EpBadov Bacikmv guBuypapUH®V
oXNHATWV

Me Bdaon 1o gufaddv Tou TeTpaywvou Ba atrodeifoupe
TO £TTOPEVO BEWpPnua.
Oswpnua I
To epBadov evoc opBoywviou 1I00UTAI HE TO YIVOLEVO

TWV NAEUPWV TOU.
AnAadni av a, B, o1 TTAgupég Kal E To epBadov givai:
E=a-B

Anodsi&n
‘EoTtw éva opBoywvio ABIA, pe
AB = a ka1 AA = 8 (ox.7).
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NpoekTeivoupe TNV TrAEUpPA

AA Katd TUApA
AE = a, Tnv AB kata Bl = f
Kal oXNMATICOUME TO

TeTpdywvo AIHE,

ZxNpa 7
TO OTroio Egival @avepd OTI €Xel TTAsupd o+ Kai
ETTOMEVWG Eival:

(AIHE) = (a + B)” (1)
NpoekTteivovrag TiI¢ Al kai Bl oxnuarifovrar Ta
TeTpaywva AIZE, BIOI pe 1mAgupég a, B avrioToixa
Kal To opBoywvio NOHZ 1rou €ival ico pe to ABIA.

‘ETOo1 £xoupe , ,
(ArZE)=a , (BlIGI') = ka1 (FOHZ) = (ABIA) (2)

Eival @avepo 6uwg oTi
(AIHE) = (ABI'A) + (TOHZ) + (BIOI') + (Ar'ZE),
atré TnVv otroia pe Tn Bondeia Twv (1) Kai (2) TTPOKUTTTEI
oTI:
(a + B) %= 2(ABlrA) + a2 + [32.
ATTé authl META TIG TIPALEIC KATOARYOUME OTNOXEOoN
(ABFrA)=a-.

To spuBadov E evoc napaAAnAoypappou 1ooUTaAl HE TO
YIVOHEVO HIAC NAEUpdAc TOU €nmi 1O UWOG nou
GaVTIOTOIXEI OE auTH.

AnAadn, E=au, =Bu,
OTTOU 0, 3 oI TTAEUpPEG Kal Uq, ug Ta avTtioToIxa uyn.
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AnodeiEn

Zxnua 8

Ag Bswpnooupe £éva TrapaAAnAoypaupo ABIA (ox.8) kai
ag PEPOUME TO UYog AZ TTou avTioTolXEi oTn BI'.
Oa atmrodeifoupe 6T1 (ABI'A)=BI - AZ.

A1é 10 A @époupe AH kaBeTn oTnv npoakmon ™G BI'.
Toéte 1O Tplywva ZBA ka1 HIA gival ica (Z H=90°,

AB = Al kai B rl), omodre: (ZBA) = (HIA) (1).
ATé TO OXAHA OHWG EXOUME OTI
(ABIrA) = (ABZ) + (AZI'A),
OTTOTE CUN@WVA HE TNV (1) TTPOKUTTTEI OTI
(ABIA) = (AZIr'A) + (ATH) = (AZHA).
ETropévwg oUp@wva pe To Bewpnua | Exoupe
(ABIr'A)=(AZHA)=AA-AZ=BI'- AZ
TTOV gival To {NTOUMEVO.
Me tn BoR@sia Tou euBadou Tou TTapaAAnAoypdaupou Oa
UTTOAOYiOOUME TOV TUTTO TOU £uadoU Tpiywvou.

Oswpnua III

To €pBadov E &voc Tpiywvou eival ico MHE TO
NHIYIVOHEVO HIAG NAEUPAG Ni TO AVTIOTOIXO UYOG.

. 1 1 1
AnAod. E=—a-u =-B-u.=-Vy-
nAaon > U, 2[3 U, 2y u,
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AnodeiEn

Me trAsupég AB kot Bl (ox.9) oxnuarioupe TO

TTapaAAnAdypappo ABIA, To euaddv Tou otroiou givai
(ABlr'A)=a-u, (1).

2xAua 9

L

Opwg 1a Tpiywva ABI kai AAT gival ioca, oTroTE:

(ABI) = (AArI') (2).
At 10 oxnua €xoupe om (ABIA) = (ABIN)+ (ArA) n
otroia, cUpN@wva e TIG (1) Kal (2), HETATPETTETAI OTNV

a-u, = 2(ABl) i (ABF)=%0(-UG1
Téhog, TOV TUTMO TOU €MBOdOU Tpiywvou 6Oa ToVv

aIOTTOINCOUNE YIa va UTTOAOYioOUME TO EUBAOOV TOU
Tpatrediou.

To eyBadov Tpaneliou 100UTAI HE TO YIVOHEVO TOU
NHIa0poiopaToG TWV BACEWV TOU £Ni TO UYOC TOU.

AnAadn = @-u :

otrou B, B o1 Baoeig Tou Tpatreiou Kal U TO UYOGS TOU.
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AnodeiEn

2xnua 10

L

Oetwpoupe Tpaméfio ABI'A (BI'//AA) (ox.10), ye Baoceig
Bl = B, AA = 3 ka1 Ugpog u. Pépoupe TN dilaywvio Al.
ToTe EXoupe

E = (ABI'A) = (ABI') + (Al'A) (1).
AAAG Ta duo Tpiywva ABIC kai AlA £€xouv 10 id10 UYoGg U
Kal Baoceig B, B avrioToiXa Kol ETTOMEVWG:

(ABF)=%B°U Kal (AFA)=%[3ou (2)
Me avTIKaTaoTaon Twv oXEoewvV (2) otnv (1) TTPOKUTTTEI
ot E= BZB .U, OnAadn To {nTOoUMEVO.
To eppBadov Tpaneliou 100UTAI ME TO YIVOHEVO TNG
d1ap€ocou €ni To UYOC TOU.

Xwpifovrag 1o TpaTTE{IO O BUO OpBoywvia Tpiywva Kal
éva opBoywvio (BA. TO TTAPAKATW OYXAMO), VA
ATTOOEISETE TOV TUTTO TOU £URadOU TOU TpaTTECIOU.

ln
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EOAPMOIH 1n

To eppadov E evog 100nNAsupou TPIYWVOU NMAEUPAC a

gival ioo e
_a*J3 A
4

Anodeign
®époupe 10 UYog AA (ox. 11) 10
OTroio gival Kal SIANECOG.

B

B>
—

2xAua 11
Amré 1O OpBoywvio Tpiywvo AAl, cup@wva MPE TO
NMuBayodpeio Bewpnua, EXOUME

V> = AA? = o — Al =a2—(3)2 -
2

OnAadn u= %, OTTOTE

2
E=£au=£aa\/§= o’y3
2 2 2 4

EOAPMOIH 2

To eppadov popBou 100UTAl HE

TO NUIYIVOHEVO TWV OlaymVviwv

TOU.

Anodei&n

Eival eavepo (ox.12) 6Ti

2xApa 12
(ABIrA) = (ABA) + (Bra) (1).
Eeid o1 diaywviol Tou pouBou gival KABeTeG Kal
O1XoTOMOUVTAIl £XOUME:
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(ABA)=&BA-AO=£62oi=161~62
2 2 2 4

kal (Blr'A) =%251-62 (2).

Me avTikaraotaon Twv (2) otnv (1) TTpokUTTTEl OTI

1
E=>5,-5, (3).

NMAPATHPHZzH

O Tmponyouuevog TUTTOG (3)
IOXUEl KOl OTNV TrEPITITWON
OTTOIOUDNTIOTE KUPTOU 1 MN B
KUPTOU, TETPOATTAEUPOU  ME
KABeTeg dlaywvioug.

Mpayuari (ox. 13, 14)

2xAua 14
(ABIrA) = (ABA) + (BlrA) =
= 1BA-AO+£BA.OF=
2 2

=%BA-(AO+OF)=%BA-AF

Mia yevikeuon Tou TUTTOU (3), YIO TNV TTEPITITWON TOU
TETPATTAEUPOU ATTOTEAEI N AOKNON 7 TWV ATTOOEIKTIKWYV
OOKNOEWV.
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E®OAPMOIH 3n

"EoT® Tpiywvo ABT.

i) Av AM 31GHECOG TOU TPIYWVOU va anodei&eTe OTI
(ABM) = (AMI).

ii) Ano Tnv kKopupny A va A

(PEPETE TPEIC EUOBEIEC Nou va

Xwpilouv TO TPiywVvo OE

BAk M A T
2xnua 15

TECOEPA 1000UVANa TPiywvd.

Auon

i) Pépoupe TOo UWPog AA Tou Tpiywvou ABIT (ox. 15). To
AA gival kal ogog ota Tpiywva ABM kai AMI, omroTte
EXOUME

(ABM)=%BMoAA=%MFAA:(AMF)a(poO T0 M €ivai
Méoo Tou BI.

i) ATTO TO TTPONYOUMEVO EPWTNHMA TTPOKUTITEI OTI Ol
{nToupeveg eubeieg gival ol @opeic Twv diapéocwyv AM,
AK kai AA Twv Tpiywvwv ABI, ABM ka1 AMI
AVvVTioTOIXO.

ApaoTnpioTnTa

Na xwpiocere éva Tpiywvo ABIT og Tpia 1000Uvapa
TPiywva PE guBeieg atrd TNV KopuPn A.

A2ZKHZEIZ2 I'IA AYZH

EpwTnoeig Katavonong

1. Na ypAWeTe TOUG TUTTOUG UTTOAOYIOHOU TOU £uRadoU:
i) TETPAYWVOU

ii) opBoywviou

lii) TTapaAAnAoypdaupou
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iv) Tpiywvou

v) Tpatrediou

2. 'Eva teTpdywvo éxel tmrepiperpo 16. NMNdéoo civalr 1o
EMBAdOV TOU;

3. 'TEva opBoywvio éxel diaotdaocels a=9, =4 kai givai
I000UVOUO pE TETPAYWVO TTAEUpdcg X. Na BpeBei To Xx.

4. Xe éva Tpiywvo ABI eival a < 8. Me 1ToI10 QVIOOTIKI)

oX£on ouVvOEoVTal T Ug KOl UR ;

5. Av évag poupBog éxer pAkn Odlaywviwv 4 Kkar 5
AVTIOTOIXO, ME TI ICOUTAI TO YIVOHMEVO MIOG TTAEUPAG TOU
ETTi TO AVTIOTOIXO UWYOG;

6. 'Evag XwpIk6g avtaAAage Evav aypo, TTou giXe oxAua
TETPAYWVOU TTAgupdg 60 m, pe Evav aAAo aypd (ME TnVv
010 TTOI6TNTA XWHMATOG) TTOU EiXE OXAMA opBoywviou HE
TTAATOG 40 M KOl TTEPIMETPO iON HE TNV TTEPIMETPO TOU
mpwToUu. Exaoe 1 KéEPOIOCE O YXWPIKOG ATTO TnV
avraAAayn authy; AITIOAOYAOTE TNV ATTAVTNON CAG.

Aoknoeic Epnedwonc

1. 210 £0WTEPIKO TeETpaywvou ABIA TmAeupdg a = 4
Kataokeualoupe TO 100TTAEUpo Tpiywvo AAZ. Na
utroAoyioOei To eypaddv twv ABI'A, AAZ, ABZ kai BZTI'.
2. Av M Tuxaio onpeio Tng TAeupdg AA = 10 TETpaywvou
ABrI'A, 161€ TO0 GOpoiocpa (AMB) + (AMI) ivai :

A:25 B:40 I:50 A:75 E:100

KukKAwoTte TO0 YpAMMO TNG OWOTAS ATTAVINONG Kal
AITIOAOYAOTE TNV ATTAVTNON OOG.

3. Aiveral Tpiywvo ABIT ye AB = 6, Al' = 8 kai A =60°.
Na BpeBoUv: i) To Uyog ug ,

ii) To gyBadov (ABI), iii) To Uwog ug.
4. Eva opBoywvio £xel repipeTpo 14 kai diaywvio 5.
Na Bpeite TO eyPaddv Tou.
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5. Aivetar mrapaAAnAéypaupo ABIrA pe Bl = 10 kai
AVTIOTOIXO TTPOG AUTAV UWog U = 5. NMdavw oTIG TTALUpEG
AA ka1 BI' mraipvoupe Ta onueia E kol Z avriotoixa,
woTte AE = ZI'.

i) Na Bpeite To egBadov Tou ABIA.

Ii) AQoU TTpWTA CUYKPIVETE TA EURADG TWV TPATTECIWV
AEZB ka1 EZIN'A va Bpeite 10 gyBaddév kabevog atrd
auTd.

6. 'Eva oikéT1redo éxel oxnua tpatmrefiou ABI'A (AA//BI)
pe A =B =1L, AA=15m, Bl = 20m ka1 AB = 12m.
‘Evag kKaivoupylog dpouog repvasl TrTapaAAnAa Tpog Tn
Al kol atmokotTel HIa Awpida TAdroug 3m. [léoca
TETPAYWVIKA HETPO E€ival TO OIKOTTEDO TTOU ATTOMEVEI;

AnNOJEIKTIKEC AOKNOEIG

1. Av Z gival onuegio giag TTAeupdg TrapaAAnAoypduou
ABTI'A, va atrodcigere 611 (ZAlN) + (XBA) = (ABIN).

2. Av ol diauecol AA kai BE tpiywvou ABIT tépvovral
oTo O va atrodeigeTe OTI:

i) (ABE) = (BEI), ii) (A®OB) = (ATEO)

Kal iii) (BOA) = (AOE).

3. Aivetral Tpiywvo ABI' ka1 To Bapukevipd Tou O. Ao
onueio X tng diapéocou AA @époupe TIG KABeTeg ZE, 2Z
oTig Al', AB avticToixa. Na atrodeifete 6Ti

i) (ABX) = (Alry),

ii) AB-2Z=ATl"-XE kai

iii) (ABO) = (BOI) = %(ABF).

4. Aivetail Tpatréio ABI'A (BIr//AA). Av M 1o péoco 1ngG
TAgupdg Tou AB, va atrodeigete 611 (ABIA) = 2(MIrA).
5.Na atrodeifete o611 TO €UPadOV evog Tpatrediou givai
IO ME TO YIVOMEVO TNG Miag atrd TISC pn TTAPAAANAEg
TTAEUPEG TOU ETTi TNV ATTOOTACN TOU MEOOU TNG GAANG
a1Té AUTH.
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6. Aiveral Tpiywvo ABI' ye AB =1, Al' = 2 kau A =120°.
Me mrAcupég 1iIg AB Kai Al KOTOOKEUAJOUME EEWTEPIKA
Tou Tpiywvou ABIT Ta Ttetpaywva ABAI kai AlZo
avtioToixa. TOTE:

i) va utroAoyiocete To TURMa EO,

ii) va atrodeigete 611 Ta A, E, O gival ouveuBeiakd Kai

lii) va atmodeifere 611 TO €UBAdOV TNG TTOAUYWVIKAG
emipaveiac BFIZOEA givail 5++/3.

7. Av w gival n ywvia Twv diaywviwyv Al kal BA kupTtouU
TETPpaTTAEUpOU ABIA, va atrodeigeTe OTI

(ABFA) = %AF-BA-npw

8. O I010KTATNG £VOG OIKOTTEOOU OXAMATOG opBoywviou,
TOU OTToiou TO MNRKOG €ival Katd 18 m PeyaAUuTeEPO TOU
TAATOUG, O€EAEl va oxXnuaTioel YUpwW a1Td TO OIKOTTEDO
KOl EEWTEPIKA auToU pIa devdpooTolxia TTAATOUG 2,5 m.
‘ETol avaykdaleTal va ayopdoeEl ammd TOUG YEITOVEG TOu

695 m2. Na BpeBouv o1 10O TACEIG TOU OIKOTTEQOU.

ZuvOera Oepara

1. OswpoUpye Kupté TeTpdmrAsupo ABIA. ITIg
TPOEKTACEIS TwWV nuievBsiwv AB, BIL, TA kai AA
TTAipvoOUuE avTtioTolXa Ta onueia Z, H, © kai |, wote BZ =
AB,I'H = BI', AO =TA ka1 Al = AA. Na atrodeigete OTI

i) (I0A) = (AGA) = (AlrA),

ii) (I0A) + (ZHB) = 2(ABIl'A) kai

iii) (IZHO) = 5(ABTI'A).

2. Xg 1piywvo ABI traipvoupe 1o yéco M tng diapéoou
AA, 10 péco N Tou 'M ka1 To péco P Tou BN. Na

1
atrodeigete 611 (MNP) = g(ABF).

3. 2116 TTAeUpég BIN kal A Tterpaywvou ABI'A 1TAgupdg a
TTaipvoule Ta onueia Z kail H avriotoixa, woTte

66 /218



zZr=Ha=%
4

i) Na atmrodeigete 611 Ta TuAMaTta AZ kai BH téuvovrai
Kafeta o€ onueio K.

ii) Na utroAoyio00oUv Ta uAKN TwV TUNUATWYV: AK, AH Kai
KH.

lii) Na utroAoyiocOei 1O guBaddv ToUu TETPATTAEUPOU
AKHA.

4. Qewpoupe TTapaAAnAdypaupo ABIA kair onupeio O
OTO ECWTEPIKO TOU TPpIywvou ABI'. Na atrodeigeTe OTI

i) (OAB) + (Or'A) = (ABI') kau ii) (OAIN) + (OBI') = (Or'A).

5. Av ABI'A kai KAMN egivalr pouBog TrAeupdg a Kai
TETPAYWVO TTAEUPAG O aAVTIiOTOIXO, VO OTTOOEIgETE OTI
(ABIrA) = (KAMN).
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10.4 'AAAoI TUMOI YIa TO ENRASOV TPIYOVOU

Me tn BoR@sia Tou BacikoU TUTTOU yia TO £uRadOV evog
Tpiywvou ABI, ye HAKN TTAEUpWYV a, B, Y, TTPOKUTTTOUV
KOl Ol ETTOMEVOI TUTTOL:

(i) E= \/T(T -a)(T-B)(T-Y) (r0mrog Tou ‘Hpwva), 6Trou T

N NUITTEPIMETPOG TOU TPIYWVOU.
(i) E= TP, 61TOU p N AKTIVO TOU E£YYEYPAMMEVOU KUKAOU
TOU TPIYWVOU.

(ii1) E=%, O0TTou R n aKTiva TOU TrEPIYEYPAMMEVOU

KUKAOU TOU TPIYWVOU.

AnodeiEn
(1) ZTnv § 94 (E@appoynn 2) amodeiaue OTI

—\/T(T -a)(1-B)(T-Y), omwoTE EXOUpE: E=%aua=

%az r(1-a)(1-B)(T-Y) =

a

={1(r-0)(r-B)(r-v)

(ii) '"Eotw 1piywvo ABI (ox. 16) Kal o eyyeypauuévog
KUKAOG Tou (I, p).

2xApa 16

Pépoupe Ta TuApata A, IB kol I kal éTo1 TO Tpiywvo
XwpileTal ota Tpiywva IBIN, ITA ka1 IAB 1TOU £€X0OUV TO
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i010 UYog p Kal dev €XOUV KOIVA E£OCWTEPIKA OnMEia,
OTTOTE EXOUME:
E=(ABI') = (IBI') + (IFA) + (IAB) =

=5 P 5 P ZVP_

=%(G+B+V)p=%2Tp=Tp.

NMAPATHPHZH:
Opola  artrodeikvueTal OTI 0 TUTTOG (2) I10)XUEl YIia
OTTOIOONTTOTE TTEPIYEYPOAMMEVO O KUKAO TTOAUYWVO ME

NUITTEPIMETPO T.

(iii) Eivan yvwoT6 611 By = 2Ruq

(Epappoyn 5 §8.2), omwote £xoupe OTI ua=‘23—; KOl ME

TTPOKUTITEI TO

a

. . 1
AVTIKATAOTAON OTOV TUTTO E=Eau

{nTouuEVO.
TéNog, To epBaddv E evog Tpiywvou ABIT diveral Kal atrd
TOV (TPIYWVOMETPIKO) TUTTO:

1 1
E=ZBynuA=7

1
onuB = —a B
2v nu 5 Bnu

Anodeign
Av A <1l omé 10 opBoywvio Tpiywvo ABA (ox.17q)
TTPOKUTITEI OTI U; = Y-NMA.

A

2ZxNua
17
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Av A >1 L, mwdA1 amré 10 opBoywvio Tpiywvo ABA(oY.
17B) TrpoKUTTTEI OTI:

U =Y-NUA, =Y-nu(180° - A)==y-npA

‘ETol Kol OTIG dU0 TTEPITTITWOEIG €XOUME Uz =Y-NPA
OoTroTE

1 1
E=—Bu,. =—Bv:-nuA.
213 8 2l?’v nu

Otav A = 1L, 161¢ UB = Y, ETOUEVWG TTAAI O TUTTOG
IOXUEL
Opola atrodeIKvuovTal Kal o1 UTTOAOITTOI TUTTOL.

E®OAPMOIH 1 Nouog Twv ITOVWV
2¢ kaBe Tpiywvo ABI va anodeixBei oOTI:

L = B — Y =2R
ntA npB nul
Anodsi&n

ATTO TIG 100TNTEG E = %BynpA Kal E= % TTPOKUTTTEI
, 1 afy . a . a .

(o} { I A=—— A=—n ——=2R. Opoia
SBYNUA=—"" "N nuA=-_n A M
TTPOKUTTTEI B =2R, i S 2R, amdé TIE OTroigg

nuB nulr

OUMTTEPAiIVOUME TO {NTOUUEVO.

EODAPMOIH 2

Aiveral Tpiywvo ABI' pea = 13,
B =14 ka1y = 15 (ox.18).

Na unoAoyioeTe:

(i) To egBadov Tou,
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(ii) Ta Oyn ToU, A
(ifi) T axTiveg TOU
EYYEYPAHHEVOU KAl TOU A
NEPIYEYPAPHEVOU KUKAOU, M

B K I

Zxnpa 18

(iv) TO EyBadov TOU TPIYWVOU HE KOPUPEC Ta HECT

TV NAsupwv TOU ABT.

AUon

(i) ‘'Exoupe 1= %(a +B+Y)=21 OTTOTE PE AVTIKATAOTAON

TWV 0edONEVWYV OTOV TUTTO TOU Hpwva TTaipvouE:
E=T(T-a)(T-B)(T-y)=+21.8-7-6 =84

(ii) 'Exoupe E = %aua n 84 = %13ua

. 168 |

n vy, = 13 Opoia Bpiokoupe OTI

U, =12 kai v, =5—6,

(iii) A1ré Toug TUTTOUG E=T:p KOI E = —4‘2( TTPOKUTTITOUV
. . 65

avrioTtoiXa OTip =4 Kai R = =

(iv) 'TExoupe MA=%, MK=7 kai KA=%, OTroTE Ao

TOV TUTTO TOU Hpwva TTPOKUTTTEI TTAAI OTI
(KAM) = 21.
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A2ZKHZEIZ T'TA AYZH

Epwtnoeic Karavonong

1. Mg tn BonOeia Tou TUTTOU E=%BynpA va aTrodEigeTe

ot E< %py. MNoérTe 1o)XVl N 106TNTQ;

2. & éva Tpiywvo ABI eivail (ABIN)=9 ka1 p = 1,5.

Mola gival n TrepipeTpdg TOU;

3. Molo1 gival o1 TUTTOI UTTOAOYICHOU TOU EURadOU £VOG
TPIYWVOU;

Aoknoeic Epnedwonc

1. Z& apaAAnAoypaupo ABIA givar AB = 18, BI' = 20
Kol Al = 34. Na Bpeite TO eyBadov Tou.

2. Aiveran tpatréCio ABI'A (AA//BIN) pe BI' = 25, AA = 11,
AB = 13 kai

Al = 15. Na Bpeite To eufaddv Tou Kail To UYOGS TOU.

3. Aiveral Tpiywvo ABI' ye AB = 4, Al' = 7 ka1 A = 60°.
Na Bpeite To EBAdOV TOU. i

4. Aivetal opBoywvio Tpiywvo ABI (A =1L) ye AB = 6
Kal Al' = 8. Na BpeiTe:

i) To EUPBadOV,

ii) To UYog uq ,
lii) TNV akTiva p Tou eyyeypapHEVOU KUKAOU.

AOKNOEIC ANOJEIKTIKEG
1. Av o€ Tpiywvo ABI 10xUel

By = auq va atrodeigeTe OTI A=1L

2. Av E 10 guBadov Tou Tpiywvou ABIT pe TrAeupég a, B,
Y, VO aTTOOEISETE OTI:

)E<t(r.a) < A <1L,

ii)E=T(T.0()<:>A =1L

iii) E>T(T. o) < A > 1L,
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3. Av duo Tpiywva ABI kait A'BT ™ gival eyyeypapupéva

(ABr) _ aBy
(ABT) aBy

4. & Tpiywvo ABI pe A # 1L <pépoupzs Ta Uyn BZ kai
IN'H. Na atrodeigete 611 (AZH)=(ABIN)ouv A.

oTOV id10 KUKAO va atrodeiieTe OTI

1 1 1 1
5. Zg Tpiywvo ABI va atmrodeigete O11: —+ —+ —=—.
u, Y U, p

a

2UvOeTa OEpara

1. i) Aivetar ywvia xOy kal ota@epdé onueio K o1o

EOWTEPIKO auTtnG. ATro 10 K @époupe peTaBAnTA eubsia €

TTou TEPVEL TIG TrAgupég Ox, Oy ota onueia M, N

avriotoixa. Na aTmodei¢ete OT1  TO  ABpolioua
1

+
(OKM) (OKN)
ii) Oewpoupe Tpiywvo ABIT, onueio K 0TO ECWTEPIKO TOU
Kal Ta TuQuata AA°, BB™ kal I'T" trou diépxovTtal atrdé 1o

gival oTafepo.

K. Av E1,Ep,...Eg €ivanl avrioTtoixa Tta gufadd Twv
Tpiywvwyv AKI', BKI, BA'K, TKA’, TKB" ka1 AKB’, va

, , 1 1 1 1 1 1
ATTOdEISETE OTI: — + —+ — = —+ —+ —.
E, E, Ei E, E, E,

2. Av pg , PB , Py Eival Ol OKTivEg TWV
TTOPEYYEYPOMUMEVWY KUKAwWV T1piywvou ABI, va
atrodEigeTe OTI

(ABF)=(r-a)p.=(1-B)p=(T-V)p,.

3. 'Eotw TeTpdatrAcupo ABIA eyypdywipo o KUKAo. Av
0éooupe

AB = a, Bl =3, T'A = y ka1 AA = 0 va atmodeigeTe OTI
Al ad+By
BA aof+yd

(20 Oewpnpa MToAspaiouv).
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EpBadov kal opoloTnTda

10.5 AoyoC suBadmV OHOIOV TPIYOVWOV
NOAUY®WV®OV

Ag Bswpnriooupe duo Tpiywva ABI

Kat A'BT" pe gupadda E kai E°

avrioToixa. TOTE gival

E=%GUGKGI E=%a’ua,, OTTOTE E,= . Am6 Tnv

1I00TNTA AUTH TTPOKUTITEI AJECA OTI:

e Ava=a’, T0Te EE =Y (ox.19a).
U

a

E
® Avuq = Uq’, TOTE £ % (ox-19B).

AnAadni: av dUo Tpiywva €Xouv ioeC PBACEIC, TOTE O
AOyoc Twv gPBadwv TOUG 100UTAI HE TO AOYO TWV
AvTioTOIXWV UYPWV, EV® av g£Xouv ioca Uyn, TOTE O
AOyoc Twv gPBadwv TOUG 100UTAI HE TO AOYO TWV

avTioToIXWV BAcEwV.
2TNV TrEPITTTWOoN 1oV Ta Tpiywva ABIT kot A'BT ™ ival

opola, IoXUEI TO ETTOPEVO BEwpPnua.
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Oewpnua I

Av Ouo Tpiywva €ival Opoia TOTE O AOYoG TWV
eUBadwv TOUG 100UTAI HE TO TETPAYWVO TOU AOYOU
OHOIOTNTAG.
AnodeiEn

‘EoTw ouo ouola
TPpiywva ABI' Kal
ABT (ox. 20) e
A=A ko

2xApa 20

~ ~

B=B".

ToTte 1, —Ya )\ (1), 6TTOU A 0 Adyog opoIdTNTAG. AAAQ,
a v

a

I 4

. . . E a u,
OTTWG KAl TTOPATTAVW, Eival — = — = (2).
E° o v,

Ao 1IG (1) Kai (2) TTPOKUTITEI OTI EE =N

To TTAPATTAVW CUMTTEPOOCHO IOXUEI YEVIKOTEPO Kal yid
opola TToAUywva, OTTwg Hag Befaiwvel TO €mOHEVO
Bswpnua.

O AoyocC Twv eUBadwv dU0 OHOIWV MOAUYWV®V Eival
I00C HE TO TETPAYWVO TOU AOYOU OHOIOTNTAG TOUG.
Anodsi&n
Ag Oswpnooupe Ouo Opola TTOAUYyWvVA Tr.X. TO
meviaywva ABIFrAE kait ABT'A'E” (ox. 21) pye Adyo
AB BI' rA AE

S S — S S — . S — ~ S — A (1),
AB BT TI''A" AE

oHoIOTNTAG:
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Pépoupe TIG dlaywvioug TwV
TTOAUYWVWYV aT1rd TIG KOPUPES A
Kal A’, oroTte autd XwpilovTail
og 104pIdpa  Tpiywva ouola
METAEU TOUG.

Av El, E2, E3 Kdl E']_, E’z, E'3
givai T eMBadAG TWV
AVTICTOIXWV TPIYWVWYV,

2xAua 21
OUMPWVA HE TO TTPONYOUHEVO Bewpnua Kal Tn oXéon
(1), 0a Exoupe:

2
E, _(ABY _
E, \AB’) ’
( \%
E,Z = F'A’ = N Kai
E, \[A")
( 2
EEf” = AA:) = \°, oTroTe:
3\
E’l E’Z E’3

_ E,+E,+E, _ (ABTAE)

~E,+E,+E, (ABTAE)

Na 1o Adyo Twv gURAdWYV TPIYWVWV PE OUO YWVIEG iIOEG

I TTAPATTANPWHATIKES ICXUEI TO ETTONEVO Bewpnpa.
Oswpnua III

Av pia ywvia €vOGg TPIYyWVOU Eival ion n

napanAnPWHATIKn HE HIO Yywvia &vog daAlou

, ONAadni To {nTOUMEVO.
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TPIYWVOU, TOTE O AOYOoC TwV gpBadwv Twv JdUO
TPIYWV®WV Eival i00C HE TO AOYO TWV YIVOHEVWV TWV
NAEUPWV NOU NEPIEXOUV TIG YWVIEC AUTEG.

AnodesiEn
/ A’

Qswpoupe TA TPiywva
DQ (Y)

ABI kot ABT pe A=A’
B (a)

(ox.22 a,B) n
A+A =180° (ox.22 qa,y).
TOTE KAl OTIG

2XAHa 22

OUO TTEPITTTWOEIG Ba 10)UEI

nUMA = nUA’, oroTe Aatd TIG 1I00TNTEG E=%[3-yr|pA Kal

E=%B'~y'npA’ ME Olaipeon KATd MEAN TTPOKUTITEI OTI
E_By
E By
EOAPMOIH 1

Aiveral Tpiywvo ABI' ka1 guBeia A M
€ nou JiEpxeTal and To A kal

givai napdAAnAn npog TNV
nAgupa Br.
N N

BA z T
2xAua 23
Av M onpeio TG €, va anodei&ere oTi (MBIN) = (ABI).

, TTOU €ival To {NTOUMEVO.

&
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AnodesiEn

Pépoupe Ta UYn AA kai MZ Twyv Tpiywvwyv ABIT kol MBI
avrtioToixa. Emeidn n € givar rapdaAAnAn mpog 1™ Bl
TPOKUTITEI 0TI AA = MZ Kal eTTOdéEVWG Ta Tpiywva ABI
kot MBI givan 1icepBadikd, ereidni €xouv koivr Baon BIr
Kal ioca uyn.

EOAPMOIH 2

Oewpoupe Tpanefio ABIFrA pe Baosig B kar AA kai
€otw O 1O OnpeEio TOpNG Twv Jdiaywvimv Tou. Na
anodei&ere oTi: (i) (OAB) = (0rA),

(i) (ROA) _ AA* ) A A
(OBr) Br’ 41)2 -
(iiiy (OAB) _ AA EREERS
(OBr) ~ Br .
B I
2xAua 24
AnodeiEn

(i) Eivou (OAB) = (BAA) - (OAA) =
=(ATA) - (OAA) = (OTA).

(i) Ta Tpiywva OAA ka1 OBIT gival opola (61=62,

I=A, ) pe A6yo opoIdTNTAG % KOl ETTOMEVWG

(OAA) 3 AN
(oBr) Br’
(iii) Ta Tpiywva OAB ka1 OBI" £xouv Kolvil Kopu®n B kai
C . ) (OAB) OA .
KOIVO TO UYOG aTTO QUTHV, ETTOMNEVWG = . Amré
(OBF) or
TNV opoidTnTa OuWwg Twv Tpiywvwyv OAA ka1 OBl
: ... OA AA . (OAB) AA
EXOUME OTI = OTTOTE = :
or Br (OBF) BI
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A2KHZEIZ I'IA AYZH

EpwTnosic Karavonong

1. Avo Tpiywva ABI' ka1 A'BT" €xouv ug = ug” Kal
(ABF) B

. TOTE 0 AOYO givai
(ABT) 2 Yos &
A:g B:g I':§ A:g E:ﬂ
5 4 2 4 9

KukAwoTe TO YypAuuO TnNG OWOTAG OATTAVTNONG Kl
AITIOAOYAOTE TNV ATTAVTNOT OOG. o
2. Auo poupor ABIrA kai A'BT'A” éxouv A=A" Kkai

AB ﬂ . Na utroAoyi1o0¢gi o Adyog (ABFA) :
AB 5 (A BT A )

3. 'Eva 1000keAEG Tpiywvo ABI
(AB = AI) gival 1c080vapo HE éva Tplywvo A'BT  TTou

éxel A'B°-AT =36. Av cival A+A =2L , TTOl0 €ival To
MAKOG TWV iCWV TTAEUPWYV TOU I000KEAOUG;

Aoknoeic Epnedwonc
1. Auvo Tpiywva ABI' kai A'BT ™ éxouv a = a  Kai

2
U, = gua,. Av 10 gufBadov Tou ABI eivali 30m , va BpeiTe
TO euBadov Tou A'BT.

2. Aiveral rapaAAnAdypaupo ABIA pe guBaddv 20m2.
Av M onpueio otnv mmpoékTaon Tng AB TéTtolo woTe AB =
2BM, va Bpeite To eyBaddv Tou Tpiywvou MBI .

3. Aivetai 1Tpiywvo ABI kai Ta onueia A kot Z Twv
TMPOEKTACEWV TwV BA kai A avrioToixa, Tpog 10 A,
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woTte AA = %AB Kot AZ = %AF. Av 10 £uBaddv TOU

Tpiywvou ABI civai 30m2, va Bpcite To euBadov Tou AAZ

2
4. 'Eva Tpiywvo ABI éxel gufaddédv 75m . Eotw A
onueio Tng mTAgupdag Bl kar M onpueio Tou AA TéTOI0,

WOTE % = % A1é To M pépoupe TTapAAAnAo TTpog TRV
mTAeupa BI, Trou téuvel 1ig AB kot Al ota E kai Z

avrtiotoiXa. Na Bpeite To eyadov Tou Tpa1'r£§i9u BAEZF.
5. Avo Tpiywva ABI' kai A'BT  éxouv A=A" Kal

B+B =2L. Na atrodeifere 611 Af” = a’P.

AnNoOJEIKTIKEC AOKNOEIC

1. Aiveral Tpiywvo ABIT kal ecwTePIKO TOU onueio P. Av
o1 AP, BP ka1 I'P tépvouv 116 BI', Al' kan AB ota A E, Z
AVTIOTOIXO, VO ATTOOEIEETE OTI:

. PA (BPI) .y PA PE PZ

) = , ) =1 Kkou iii)
AA (ABI) AA " BE Tz

PA_ PB_ Pl _

AL TBE TZ

2. Aiveran Tpiywvo ABIT pe é,f< 1L Kal TO Upog Tou AA.

210 nuieTTiTredo (BIM, A) @époupe Bx L Bl kai

Ny L Bl. Navw oTig Bx, Ny mraipvoupe avriotoixa ta
onueia E ka1 Z, woTte va givalt BE =T'Z = 2AA. Av M, N
gival Ta péoa Twv AB kai Al avrioToixa, va atrodeieTe
ot : (EBM)+(ZI'N)=2(ABI).

3. Aivetal KUKAog kévrpou O Kal duo Kabeteg xopdég AB
Kal F'A. Na atrodeigete 611 (BOA) = (AOIN).

4. Aiveral Tpiywvo ABI. EuBgia TrapdAAnAn rpog Tn Bl
TEpvel TV AB o1o A kal Tnv Al oto E. Na aTtrodeigere OTI

(ABA)” = (AAE)(ABI).
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5. Mavw oTig TTAEUpEG KUpTOU TeTpATTAEUpou ABIA
KOTAOKEUAJOUHE EEWTEPIKA aUTOU Ta TETPpAywva ABEZ,
BIrHO, NAIK ka1t AAAM. Na atrodeigeTe OTI
(AMZ) +("'HK) = (BOE) + (AIA).

6. @cwpoupue opBoywvio Tpiywvo ABIM (A =1L) kai Tpia
TToAUywva P1, P2 kal P3 6pola JETAgU TOug, TTOU £XOUV
w¢ opoAoyeg TTAgupég Tig BIN, A kai AB avrioToixa. Na
atrodeigere 611 (P2)+(P3)=(P1), 610U (P1), (P2) K1 (P3) TCOX
euBada Toug.

ZUvOeTa Oepara
1. Oewpoupe TeTpatrAcupo ABIA kal éotw O TO onueEio

TOMAGS TwV dlaywviwyv Tou. Av E1, E2, E3 kal E4 gival Ta
euBada Twv TPpiywvwv AOB, BOIL, TOA kai AOA
avtioTolxa, va atrodeiete 6T E,-E, =E, -E,.

Av utroféooupe 611 n AA gival TTapAdAAnAn Tpog 1 Bl
TOTE VA ATTOOEISETE OTI

i) E1 =E3, (ii) EX =E, -E,,
i) E, < %E, 61ou E = (ABFA).
2. ATTé eocwTepIkO onueio £ Tpiywvou ABIT @époupe

TTAPAAANAES TTPOG TIG TTAEUPEG TOU. Av E1, Eo, E3 gival
Ta EYRADG TWV TPIWV TPIYWVWYV TTOU oXnUariovral va
atrodEigeTe OTI

i) KaBéva amd Ta Tpiywva gupadwv Eq, Eo, E3 gival
6uoio pe To ABT,

i) E, ++/E, +./E; =/E, é1rou

E = (ABI).

3. Zg Tpiywvo ABI @époupe Tig dixotououg AA, BE kai
'Z. Na atrodei§eTe OTI
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)(AEZ) = @5 (‘231'3\‘(’) 6o (AB)

i) (AEZ) < %(ABF).

4. Aiverail To Tpiywvo ABIT kal onpueia KA Twv mTAsupwyv
AB, AI' avriotoixa. Ao ta K, A va @épere dUO gubtieg
TTOU Va XWwpPifouv TO TPiywVo O€ Tpia IcodUvVaua HEPN.

To npOBANHa TOU TETPAYWVICHOU KUPTOU
NOAUY®WVOU
10.6 MeTaoXnHATIOHOG MNOAUYWVOU OEF

ICO0UVAHO TOU

2& TrOAAEG TTEPITITWOEIG, YIO TOV UTTOAOYIOHO TOU
EMBadou evdg eUOUYPANMOU OXAMATOG ETTIOIWKOUME TOV
METAOXNMUOTIONO o0& é&va 1000Uvauo TeTpdywvo. H
KOTOOKEUR] €VOG TETPAYWVOU 1000UVANOU HE €va
TTOAUYWVO AEYETOI TETPAYWVIOHOG auTOU.

H AUon Twv emépevwy dU0 TTPORBANMATWY OTTOTEAEI T
H€BOOO KATAOKEUNG TOU ICOOUVAMOU TETPAYWVOU.

NMPOBAHMA 1

Na peraoxnuartiofei noAUywvo oc aAAo 1003UVAMO
TOU ME HIa NAEUPA AIYOTEPN).
AuUon

Ag Bswpnooupe éva TTOAUYWVO,
m.X. éva Trevraywvo ABIAE (oy.
25) A6 TnVv Kopu®n A @Eépoups
Tn diaywvio Al, TTou
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QPRAVEI TTPOG TO £va MEPOG TG MOVO MIa Kopu®n, Tn B.
Ao 1T0 B @époupe TNV TTapdAAnAo tpog tnv Al, n
otroia Téuvel Tnv gulcia Al oto Z. Ta Tpiywva ABIT kai
AZI éxouv Koivh) Baon Al Kal Ta avTioToIXO TTPOG AUTH
vyn ioa, agpou BZ // Al'.

Emopévwg, (ABIN) = (AZl), omére (ABIrAE) = (ABIN) +
(ArAE) =

=(AZl') + (ArAE) = (AZAE) dnAadi 1O TrEVTAYWVO
ABI'AE cival 10000vapo pe 1o teTpatmAsupo AZAE kai
ETTOMEVWG TO APXIKO HOG TTOAUYWVO gival I00OUVOMO ME
TTOAUYWVO TTOU €XEI IO TTAEUPA AIYOTEPN).

Av emmavaAdBoupye TNV TrapatTavw Oladikacia OTOo
TETPpATTAcUpo AZAE, Ba petaoyxnuaTtioBei og 1c0dUvapo
Tpiywvo. Etol, TO apXIKé pOG TTOAUYWVO HTTOPEi va
MHETAOXNHUOTICO0EI OE 1I00OUVANO TPIYWVO.

NMPOBAHMA 2

Na peraoxnuartiobei Tpiywvo ot 1003Uvapo
TETPAYWVO.

Al'.IO'I'] A Ua
‘EoTtw 1tpiywvo ABIT kal To Upog
TToU avriotoixei otn Bl Xmnv
mpoéktaon tng Bl mrpog 10 I

, ) u B
TTAIPVOUME TUNUO lTE = ?‘"

2XApa 26
Kol ypd@ouue nMIKUKAIO dilapétpou BE. ®dépoupe Tnv
Kafeto tng BI' oto I, n otroia TEPVEI TO NUIKUKAIO O€
onueio Z. Amé 1o opBoywvio Tpiywvo ZBE éxoupe:

rz: =BF-FE=0(-U?°‘=%O(UG — (ABI),
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OTTOTE CUMTTEPAIVOUME OTI TO THAMA 'Z gival n TTAgupd X
TOU {NTOUHEVOU TETPOAYWVOU, TTOU £ival I00OUVAMO HE TO
Tpiywvo ABI.

2XOAIO
Amé Ta TTAPATTAVW TrPOKUTITEI OTI KABe KupTd
TTOAUYWVO TETPAYWVICETAI, APOU ME TTETTEPACTHEVOU

mAROoug  emmavoApelg T1NG  S1adikaociag  Tou
mpoBAquatog 1 kol TéAog Tng Oladikaciag Tou
TPOBAAMATOS 2 KATAOKEUAJETAI TETPAYWVO 100OUVAUO
TTPOG TO APXIKO TTOAUYwWVO. loxUel TO idI0 CUNTTEPOACHA
yia pn eubuypappa eTiTreda oxnUATA;

H amrdvrnon 0a 500¢i oto emrdéuevo KepaAaio (§11.8).

A2KHZEIZ I'IA AYZH

Epwtnosic Karavonong

1. T1 AéyeTal TETPAYWVIOHOG EVOG TTOAUYWVOU;

2. MNMwg petaoxnuatieTal Eéva opboywvio o€ 1I000UVANO
TPiywvo;

3. Nwg peracyxnuartidetal €éva TTAPAAANAOYPAUHO OFE
1I000UVAO TPIYWVO;

4. NMwg peraoxnuatidetal éva Tpatméfio o€ 1000UVANO
TETPAYWVO;

Aoknoeic Epnedwonc

1. Na KaTaokKeuao0gi TETPAYWVO 1I000UVAHO JE DOCHEVO
opBoywvio TTAsupwyv a, B.

2. Na karaokevaoOei TeTpAywvo 1000UVANO ME TO
Ga0poicua dUO TETPAYWVWYV TTAEUPWYV O, avTioToIXd.

3. Aoopévo KupTO TETPpATTAEUpO va dlaipedei og duo
1I000UVaua pEPN ME eUBEia TTOU va JIEPXETAI ATTO MIA
KOpU®N TOU.

4. Aivetan Kupto TETpATTAsupo ABIA kai onueio K 1ng
TTAEUPAG Tou AA.

84 [ 226-227



i) Na peraoxnuaticfei tTo ABIFA og 10000vaud ToOU
TPiYWVO TOU OTroiou MIa Kopu®n va givalr To K kail ol
GAAgg va BpiokovTal TTAVW oTnV gubcia BI'.

i) Na ax0fsi amré 1o K pia guBeia mTou va diaipei 1o
TETPATTAEUPO O€ OUO 1I00OUVAUa MEPN).

1. OQswpoupe Tpiywvo ABI kai guBcia € // BI', TTou TEPVEI
TIG TTAgeupég AB kai Al ota A kai E avriotoixa. Na
atrodeigeTe OTI:

i) (BAE) = (F'AE), ii) (BAE) = (F'AA),

lii) (BAE) + (FAA) = (ABrI'), ye Tnv emimrAéov utrd0eon OTI
Ta A, E sival péoa Twv AB, Al avrioToiya.

2. Oewpoupe Tpiywvo ABIT kai onueio A TG TTAEUPAG

Tou Bl', woTte BA = AZA 4BF,A > 0. Na atrodeigeTe OTI:
+

: N

1) (ABA) = ABI'),

i) (ABA) < —(AB).

3. 'Eotw 1piywvo ABI kail n dixoropog tou AA. Mg Tn
Bswpia Tou euadou va atrodeigeTe OTI

BA AB
Al AIr
4. Aiveral Tpiywvo ABIC pe B = 3y, AA pia dixotéuog Tou
Kal BE pia d1apecog Tou. Na atrodeigere OTI:

) (ABA) = %(AAI') (ABA) ,

i) (ABA)-(AET) = (AAI)-(BEA),
iii) (AEF) = g(ABI').

(@ewpnua diXoTOHOU).
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5. Aivetal 1000KeAEG Tpiywvo ABIT e AB = Al = 6cm Kai
A =120°.
i) Na BpeO¢ei To epaddv Tou,

ii) Av E €gival onpueio tng Al 1éto10, woTte AE = %AF Kol

AA 10 UWog Tou Tpiywvou ABI, va Bpebei To eufadov
TOU TpIywvou AET.

lii) Av n TapdAAnAn amé 1o A mrpog t™n Bl Téuvel Tnv
mpoékTaon Tng AE oto Z, va Bpebei To gufadév Tou
TpIywvou AEZ.

6. Oswpoupe Tpatréfio ABI'A

(AA //IBI) kai Ta péca K, A Twv AA, BI' avriotoixa. Na
atrodeigeTe OTI:

i) (ABAK) = (KAl'A),

ii) (MAB) = (MI'A), yia otroiodntrote onueio M Tou KA.

7. Oewpoupe opBoywvio Kal ICOCKEAEG Tpiywvo ABIN

(A =1L) ye AB = y. Alcipoupe TRV TAeupd AB ot v ica
TMHAMOTA (V QUOIKOG, V 2 2) Kal a1rdé Ta onueia diaipeong
PEpoupE TTAPAAANAeg TTpog TNV Al.

i) Na utroAoyicOoUv wg ouvdpTnon Tou Yy Ta gupada
TWV V OXNHATWY oTa otroia diaipédnke To Tpiywvo ABI.
ii) XpnoigotroiwvTtag 10 ( i) va atrodEiSeTe OTI
1+3+5+ .. +(2v-1)=Vv"

8. Avo Terpaywva ABI'A kai AEZH éxouv koivfy Tnv
Kopu®n A kail euBadov 36 To kaBéva. Av ol TTAsupég Bl
Kal EZ €xouv koive péoco M, va Bpebei To eufadov Tou
oxnuarog ABMZHA.

9. Tpia TeTpdywva Twv otmoiwv T A
MAKN TWV TTAEUPWYV Egival aképaiol
ap1Opoi, £xouv Koivh) Kopu®n A Kai

B
I
A
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gival TOTTo0eTNUEVA TO EVa TTAVW OTO AAAO,OTTWG BEiX Vel
TO OXNMO.

Av Bl' = TA Kal n YPOMMOOKIOOMEVN TreEPIOXN E€XEI
eMBadoOv 17, va Bpedei To eufaddv Tou HIKPOTEPOU Kal
TOU MEYOAUTEPOU TETPAYWVOU.

10. Aiveral Tpiywvo ABIT Kal TpeIg BeTIKOI aplOuoi A, M, v
Na @pépeTe dUO guBtieg TTapAAANAeg TTpog Tn BIN TTOU VO
Xwpiouv TO TPiywvo o0t Tpia MEPN avdaloya Twv
APIOuWYV A, 4, V

11. i) 'EoTtw Tpiywvo ABI Kal eocwTePIKO TOU onueiou M.
Av n AM tépvel Tnv Bl o10 A, va atrodeigere OTI:

o) BA_ (AMB) g MA _ (BMI)

Ar  (AMr) 7" AA  (ABI)’
ii) Eotw Tpiywvo ABI kal eocwTepikd Tou onueio M. Av
ol gubeieg AM, BM ka1 I'M Ttépvouv TiIG TTAeupég BIL, TA

Kai AB ota A, E ka1 Z avrioTtoixa va atrodeEiieTe OTI
AE AZ AM

Elr ZB MA

I2TOPIKO 2HMEIQMA

To MNMuBayoépeio Bewpnua oTa «XZTolXEia» Tou EUKAEidn
a1rodEIKVUETAI OTNV TrpoTeAsuTaia Trpotaon (Mpétaon
47) Tou BiAiou l.

‘Eotw opBoywvio T1piywvo ABIT pe A opObAR. To
TETPAYWVO Trou KaTtaokeudadetalr emi tng Bl €ivai
ICOOUVOUO HE TO GOPOICHO TWV TETPAYWVWYV Trou
Kataokeudalovtal €mri TnGg AB kai All. ®Pépoupe Tnv AZ
TTapaAAnAn otig BA, INE kai 11g euBeieg AA ko OF.

A@oU ol ywvieg BAT, BAI gival 0p0£g, TTpOKUTITEI OTI TA
THApaTa IA, Al BpiokovTtal oTnyv id1a gubeia. To idio Kai

Ta THAQuaTa BA, AH. A(pou Ol YWVIEG AB I, OBA civai
opBag, axoupa 611 ABT = GBA OTTOTE:
ABT + ABT = GBA+ABFnABF OBT.
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ApoU AB = BI', OB = BA ka1 ABA = OBTI, n fdaon AA
iIcouTal pe Tn Bdon O kai To ABA 1ocoUTal pe o OBT.
Twpa 1o TrTapaAAnAéypaupo BMZA cival dittAdoio atro
10 ABA, ka1 To TeTpaywvo IABO gival dittAdoio amd 1o
OBI.

ETropévwg, T10  TrapaAAnAéypappo BMZA  cival
1I000UVapOo pE TO TETPpAYwVo IABO.

Opola, av @époupe Tnv AE ka1 tn BK ptropei va
atrodeixBei 6T 10 TrapaAAnAdypappo IFMZE civai
1I000UVauOo pE TO TETpAywvo HKIA.

ETropévwg, 10 TeTpdywvo BAEI €ival 1Ic0dUvapo pe 1o
adpoiopa Twyv duo TeTpaywvwy IABO kal HKIA.

To MuBayopeio Bswpnpua oTo
BiAio I Twv «ZTOIXEIWV»
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ANAKE®DAAAIQZH

AvTiKeipevo TOUu Ke@aAaiou gival n évvola Tou eufadou.
To gpuBaddv evog TOAUYWVIKOU Ywpiou Egival £&vag
0eTIKOG apIBuo6g, TTOU eK@PPAlel TO TTARBOG TWV
Hovadlaiwv  TETPpAYWVWY (R HEPWVY TOU) TTOU
AQTTAITOUVTOl YId VO KOAUWYoOUV TNV EKTOON TOU.
AexopaoTe TNV aAndsia Twv €§AG IBIOTHTWV:
® loa TTOAUYWVIKA Xwpia £xouv ioca eppadd.
® Av £va TTOAUYWVIKO Ywpio (R HIa TTOAUYWVIKA
EMI@PAvVEIN) XwpileTal o& TreETEPACHEVOU  TTARBOUG
TTOAUYWVIKA Xwpia, TTou Oev €XOUV KOIVA ECWTEPIKA
onueia, T0TE T0 EUBAdOV TOU IoOUTAI HE TO ABpoIoHA
TWV EURAdOWYV TWV ETTIMEPOUG TTOAUYWVIKWYV XWPIWV.
Eubuypappa oxAquata pE TO idl0 gufaddv Aéyovrtal
Ic00UvVapua.
Me oKOTTO TNV TTaPAYWYK TWV TUTTWV UTTOAOYIOHOU TOU
EMBAdOU BACIKWY EUOUYPANMNWY CXNUATWYV
OeXOHAOTE OTI TO EUPRADOV TETPAYWVOU TTAEUPAG O Eival
E = o’ 2TNPICOEVOlI O. QUTO ATTOOEIKVUOUME OTI TO
euBadév E opBoywviou pe mAgupég a, B givalr E = af.
2T OUVEXEIO PMETAOXNMATICOVTAG TO TTAPAAANASYpPOUMO
og opBoywvio Bpiokoupe Tov TUTTO TOU £uadou E gvog
TTAPAAANAOYPANMOU. OEWPWVTAG TTAEOV TO TPIYWVO WG
TO MIOO KAaTAAANnAou TTapaAAnAoypduou BPiocKOUUE TOV
TUTTO TOU guBadou evog Tpiywvou. TéEAog Xwpilovtag
éva Tpatréflo o€ dUO Tpiywva BPicKOUME OTI TO EUPRAOOV
E evdg Tpatrefiou divetal atrd Tov TUTTO:

E=B—+Bu.

2

2Tn ouvéxela Oivoupe Kol daAAoug TUTTOUG YIa TO
EMBAdOV TPIYWVOU.
Q¢ ToépIcHa aUTWV KOATOAQyoupe o©T10 NOpo Twv
nUITOVWV
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nMA nuB nul
2Tn OUuVEXEla £EeTAlOUME T oXéon Twv gupadwyv duo
OHOIWYV TTOAUYWVWV.

Etriong, amodeikvuoupe OT1 yia duo Tpiywva ABIT kai
A'BT pe

A=A n A+A =180° IoXUEl OTI .
(ABM) _ By
(A’BT’) BY
TéNog, atOdEIKVUOUME OTI KAOE KUpTO TTOAUYWVO
METAOXNMOTICETAI O©E 1000UVOUO TOU TETPAYWVO,
ATTOOEIKVUOVTAG TPWTA oTI TO TTOAUywvo

METAOXNMATI(ETAI OE 1000UVOUO TOU TPIyWVO KOl auTO
O€ 1I000UVOHO TETPAYWVO.
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ANAKEDAAAIQTIKO AIArPAMMA

EMBAAON
MoAuywvwv

, 2
Terpaywvou: E = a
OpOoywviou: E=a-

MapaAAnAoypdaupou: E = a-ug = B-ug
. 1 1 1
Tpiywvou: E= —au_ = — =
Py > W =35 By, > YYy

E=1p
E - 9BY
4R

1 1 1
E==— A = =vanuB = Zafnul
Zanu 2v nu > Bnu

Tparmediou: E = %(B +B)-u

PéuBou (kal TETpATTAEUPOU HE KABETEG dlaywVioug):
1

E S 561 * 52

NMoAuvywvik®v Enipaveiov

(M.E.)=(M7 )+(M2 )+ ... +(My)
EuBadov Kal ouoioTnTd
3,, av u, =U_
a

(ABr) 3 .
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A A
N, av ABFr~ABT  kai A o

AOGYOG OpOIOTNTOG
(ABF---K) B
(ABT-K)
AOGYOG OopOoIOTNTOG

N, av ABlr---K=ABT ---K" ka1 A o

TETPAYWVIOUOG NOAUY®WVOU
® MeTaoXNMATIOCNOG TTOAUYWVOU O€ I000UVAHO TPIYyWVO
® MeTaoXNMATICMOG TPIYWVOU O€ ICOOUVAHO TETPAYWVO
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KEd®AAAIO

MeTpnon KukAou

H péTpnon Tou HAKOUG TOU KUKAOU Kal TOU EUBadou Tou
KUKAIKOU OiOKOU OTTOTEAECE £€va ONMAVTIKO BEpa pe 1O
omroio aoXoAnROnkav otroudaiol HABNUATIKOI TNG
apxaiotnrag (Irmrokpdarng o Xiog, Apxiundng). Na to
OKOTTO auTtd  XPNOIJOTTOINONKaV  Ta  KOVOVIKA
TTOAUYWVA, TA OTToia ME T CEIPA TOUG ATTacyXoAncav
TOUG HOBNuaTIKOUG Yia TTEPiodo TTavw atrd 2.000 xpovia
(ApxaiéTnTa - K.F. Gauss).

2TO0 Trapov Ke@AAAIO EICAYOUHME TNV E£vvolad TWwV
KOVOVIKWYV TTOAUYWVWYV Kol HEAETANE BAOCIKEG 1010TNTEG
Toug. E&etdloupe TNV eyypa@n OPICHEVWYV BACIKWYV
KOVOVIKWYV TTOAUYWVWYV O0€& KUKAO Kal utroAoyioupe Ta
OTOIXEIO TOUG. ZTn OUVEXEIO «TTPOCEYYI(OVTAS» TOV
KUKAO ME KOVOVIKA TrOAUywva EYYEYPOMMEVA R
TEPIYEYPOMMEVO OE OAUTOV KOl XPNOIMOTTOIWVTOAS TOV
OPICHO TOU apIlBuOU 1T, BPICKOUME TUTTOUG YIA TO MRKOG
KUKAOU Kal TOEoU Kal yia TO EUBAadOV KUKAIKOU OioKOU
KOl TOMEQ.
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Kavovika noAuywva

11.1 OpIOHOG KAVOVIKOU NMOAUY®WVOU

OmTwg €ival yvwoTto, €va TETPAYWVO E£XEl OAEG TIG
TTAEUPEG TOU i0€G KAl OAEG TIG YwvVieg Tou ioeg. To idlo
IoOXUEl Kol yia €va 100mTAgupo  Tpiywvo. TEtola
TTOAUYWVA AEyOovTal KAVOVIKA.

OpIoHOC
'Eva noAUymvo AEYETAI KAVOVIKO, OTAV £XEl OAEC TIG
NAEUPEC TOU I0EG Kal OAEG TIG YWVIEG TOU IOEG.

e F'wWvia KAVoOVIKOU V-y®wVvou

‘Eotw A AL...A, éva KOAVOVIKO
TTOAUYWVO HE V TTAEUPEG KOl
EOTW

/

~n

A=A =--=A =9, (ox.1).
Emeid T10 dBpoiocya TWV
YWVIWV KABE KupTOU V-yWVoUu 2xnupa 1
givan (v - 2) -180° Oa é&xoupe v, = (v - 2)-180° kai
360°

ETTOUEVWG p, =180°-
'

e OHOIOTNTA KAVOVIK®V NMOAUY®DV®V
Ag Bswpnooupe Twpa duo
KOVOVIKA TTOAUYyWwva
ABI..T, ABT .. T" (ox.2)
ME TOV id1I0 apIBud
TTAEUpwV V. TéTE n ywvia
KaBevog givai

180° — 360 , OTTOTE £XOUME: A= A,é = é',---,'i' =T (1).

Y,
Etriong, agou AB=BIl=---=TA kai
AB =BT =---=T A" 8a éxoupue
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AB Bl _ )

AB° BT T A
AT1é 116 (1) Kau (2) TTpoKUTITEI OTI TO TTOAUYWVa ABI ... T
kat A'BT ...T" givair 6pola. 'ETol, €XOUME TO E£TTOMEVO
OUMTTEPOCUO:
AUo kavovika noAuywva HE Tov id10 apiOpo NnAeupwv
gival opoia.

11.2 Id3IOTNTEC KAl OTOIXEId KAVOVIK®WV

NOAUY®WV®V
Mia onpavrtik 1816TNTA TWV KOAVOVIKWYV TTOAUYWVWV
eK@padeTal atrd TO ETTONEVO Bewpnpa.

Oswpnua I
KaBs kavovikO NoAUYymVvo EYYPAPETAlI OE EvaVv KUKAO
Kdl NEPIYPAPETAlI 0€ Evav adAAov. O1 dU0 auToi KUKAOI
gival OJOKEVTPOI.
AnodeiEn
‘Eotw ABI'A ..T éva kavoviké TtoAuywvo (oX. 3).
OtwpoUpue TOov KUKAO (O, R) tToUu OdIépxeTal ammd TIG
Kopu®ég A, B, I' Tou TTOAUYWVOU.
Oa atmrodei§oupe 6TI 0 KUKAOG aUTOG
OIEpxeTal Kal ammd TNV Kopupn A,
onAadn 611 OA =R.
Emeidn OB = OI' = R, 10 Tpiywvo
OBl gival 1I000KEAES KAl ETTOHEVWG
B, =l =0, omwére Ta Tpiywva OAB
kKai OFA cival ioa, ylari €xouv:
OB=0I', AB=I'A (agpou ABIA.. T
kavovikd) kai B, =B-o=l-o=T,.
Ao TnVv 106TnTa autl TTpokUuTrTel 6Tt OA = OA = R.
Opola atrodeikvueTal 0TI 0 KUKAog (O,R) digpxeTal Kkai
a1rd TIG UTTOAOITTEG KOPUWEG E, Z, ... T Kal ETTONEVWG TO
TTOAUYWVO gival eyypdawipo. O1 TTAgEUpéS TOU TTOAUYWVOU
gival iogg xopdég Tou KUKAou (O,R), eTopévwg Kal Ta
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ATTOCTAMATA TOUG Ba gival ioa, €0Tw pE a. ETTopévwg, o
KUKAOG (O,a) epatrreTal oTig TTAcupég Tou ABIA...T, dpa
TO TTOAUYWVO €ival TrePIypaWIyo o€ KUKAo. Eival
QAVEPO, ATTO TA TTAPATTAVW, OTI O TTEPIYEYPOAMMEVOG
KUKAOG (O,R) ka1 o eyyeypappévog (O,a) Tou TTOAUYWVOU
€ival OJOKEVTPOL.

® ZTOIXEIO KAVOVIKOU MOAUY®WVOU

ATtrodcifape TTapatmrdvw OTI KABe KAVOVIKO TTOAUYWVO
EXEI VAV TTEPIYEYPOAMMEVO KOl EVAV EYYEYPOAMMEVO KUKAO
TTOU £XOUV KOIVO KEVTPO.

To KoIVO KEVTPO TWV SU0 auTWV KUKAWV AEYETOI KEVTPO
Tou TroAuywvou. H akTiva R TOU TrepIyeEypaguEVOU
KUKAOU A£yeTOl OKTIVA TOU TTOAUYWVOU, E&VW N
aTTOCTOOT TOU KEVTPOU OTTO MIa TTAEupd Tou, dSnAadA n
OKTIiVO TOU E£YYEYPOMHEVOU KUKAOU AEyETal AnOOTHHA
TOU TTOAUYWVOU.

Emaidn ta 16§ AB,BI,---,TA (0ox.3) €ival ioca, ol
ETTIKEVIPEG YWVIEG AéB, Bér, - TOA civai i0€G.
KaBegpia atrd TI¢ Yywvieg auTég, OnAadn n ywvia utré tnv
oTroia @aiveral KABe mTAgupd TOU TTOAUYWVOU ATTO TO

KEVTPO TOU, AEYETOI KEVTPIKI YWViIA TOU TTOAUYWVOU.
2TO ETTOMEVA, OE £VA KAVOVIKO V-ywvo 0a ocupfoAiloupe

M€ R TnVv akTiva Tou, Mg A, TNV TTAEUpdA TOU, HE AV TO
ATTOOTNHUA TOU, HE W, TNV KEVTPIKA TOU ywvia, ye Py TNV
TEPIPETPO TOU Kal E, TO euBadodv Tou.

MNa Ta oTOIXEIO TWV KAVOVIKWV TTOAUYWVWYV ICYXUEI TO
£gng Bewpnpua.

€ KGOE Kavoviko v-ywvo akTivag R 1oxuouv ol €EnNg
OXEOEIC:

2
(i) & + % =R? (i) P, = VA,
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_ 360 (iv) E, = %Pvav

(i) w,
AnodeiEn

‘Eotw ABIA...T éva Kavoviké v-ywvo, R n akTiva Tou,
AB = A, n TTAgupd Tou Kai OH = qa,,
TO ATTOOTNHA TOU (O)X.4).

(i) A1ré TO OpBOYWVIO TPiyWVO
HOA, pe epappoyn Tou
NMuBaydpeiou BewprpaTOg
mpokUtrTel OH® + HA® = OA?,

2
A
dnAadn o’ +(?") =R®.

Zxnpa 4
(ii) Emeidn AB =Bl =...=TA=A,, Oa gival P, = VA,.
(iii) Ereidn AB,BI,:--,TA Ba givai
AOB=BOl=..=TOA= Wy KAl a@ouU Ol YWVIEG Af)B,

BOT, ... ka1 TOA éxouv G8poiopa 360°, éxoups
vwy = 360°,  SnAadA w, = S0
\'4
(iv) Ta tpiywva OAB, OBI, ..., OTA civai ica (MMM), apa
Kol ICEMBAdIKA KAl ETTOMEVWG EXOUME:

E, =v(OAB)= V%AB -OH = %v)\vav = %Pvav agou

P, = VA,.

2€ OUO KAVOVIKA V-ymVvd 0 AOYOG TWV NAEUPWV TOUG
I00UTAI HE TO AOYO TWV AKTIVOV TOUG Kal TO AGYO T@WV
anooTNHATWV TOUG.

AnodeiEn

OQtwpoupye OUO Kavovikad ToAuywva ABI..T kai
A'BT .. T (ox.5) pe To id1o TTARBOG TTAEUPpWYV, £0TW V (V
2 3). Av O, O" Ta KEvTpa TWV TTOAUYWVWYV, TA TPiywva
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OAB ka1 O'A'B" €ival épola yiati €ival 1000KEAR Kai
éxouv AOB=AO'B = 360
\"/
AB OA OB
AB° OA" OB’
6mrou OH, O'H™ Ta UOywn
TWV TPIYWVWV. ATTé ThV

TEAEUTAIO 106TNTA

TTPOKUTITEI OTI:
A R a .
Ve ="V 2 ab
A, R d XK

O1ToU A, , R, av Ta ouviBn oTtoixeia Tou ABIM...T ka1 A’y ,
R’, a’y Ta otoixeia Tou ABT ... T".

KOl ETTONEVWG

NMNAPATHPHzH

AtrodeikvueTal 0TI, av Ta onueia AA,,...A, dlaipouv
£vav KUKAO o€ v ioca 16¢a, TOTE TO TTOAUYWwVvOo A A,.. A,

(ox.6a) kabwg kai TO TTOAUYWVO B,,B,,...B,, TTOU
oxnMartifouv ol EPATITOMEVEG TOU KUKAOU OTA OnuEia
auTtd (ox.6B) gival KaOVOVIKA.

2XOAIO

H d1aipeon evog KUKAOU o€ v ioa TOEA NE TOV KavOva Kal
TO d1aBRATN dgv €ival duvath yia OTTOIODNTTOTE TIMK TOU
QUOIKOU apiBuou v. MNa rapadsiypa, dev gival duvarti n
Olaipeon &vOg KUKAOU Og emmTd ica 1O, TO OTroio
onMaivel 0TI &V KATAOKEUALETAI KAVOVIKO 7-yWwVO.
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ATTé TOV TPOTTO KOTOOKEUNG TWV  KOVOVIKWV
TTOAUYWVWYV (HE Kavova Kal d1aBATn) TToU avaTTTUCOETAI
OTa OTOoIXEio TOU EUKAE£idn, TTPOKUTITEI OTI OI apPXdaiol
‘EAANvVEG

MaOnuaTikoi KaTaoKeUalav KOVOVIKA TroOAUywva HE
wARBoc TAeupwyv 2, v 2 2, 2¥-3, 2"-5, 2"-3-5, 60U V = 0,
1,2, ...

O ApxipRdng (287 . X. mrepitrou — 212 1m.X.) aoxoAROnke
ME TO TTPORANHA TNG KATAOKEUNG KAVOVIKOU TTOAUYWVOU
KOl Trapouciace éva Oaupdolo épyo ME O€pa Tnv
KOTOOKEUI TOU KOVOVIKOU 7-ywvou. ApPKETA apyoTepaq,
To0 1796, o Gauss (1777 - 1855) pe aopun TNV
KOTOOKEUN KOVOVIKOU 17-ywvou atrédeife OTl €va
KOVOVIKO TTOAUYWVO MTTOPEI VO KATOOKEUOOTEI, OTAV TO
ARBOC vV TwV TTAEUPWV TOU gival TRS HOPPRS v = 2%P;
Py -...- Py,

OTTOU O @QUOIKOG aplBuég kair Py, Py, ..., Py mTpwrTol
apiOupoi Tou Fermat, dnAadn Tng HOPPNS

P =2 +1, A=1,2, ... k.

A2ZKHZEIZ I'IA AYZH

EpwTtnosic Karavonong

1. YwdapYXouv KAVOVIKA TroOAUywva TWwWV OTroiwv ol
ECWTEPIKES YWVIEG €ival auBAEieg;

2. Molo gival 1O ATOCTNMO KOVOVIKOU TTOAUYWVOU
TMEPIVEYPAMMEVOU OE KUKAO;

3. 'Eva KupT6 TTOAUYWVO €ival KAOVOVIKO OTAV:

a. £XEl MOVOV TIG TTAEUPEG TOU IOEG,

B. £x&1 HOVOV TIG YWVIEG TOU iOEG,

Y. €ival eyypAWipo o€ KUKAO Kal €XEl TIG TTAEUPEG TOU
io€G.

4. MeTagu Twv A, a, Kal R 1oXUEl:
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2

. )\2\,+%=R2 B. A +a2 =4R?

2

2 _ 2 2 2 > _R
y. )\V-4(R —av) 5. N+ =
5. MeTagu Twv w, Kal ¢, IOXVEI:
o. wy+e,=1L B. wte,=2L
Y. W+, =270° 5. w+e,=3L

(ZTiIc epwTnOEIS 3, 4, KAl 5 KUKAWOTE TO YPAMHO TTOU
AVTIOTOIXEI OTNV CWOTI) ATTAVTNON KAl AITIOAOYN\OTE TNV
ATTAVTNOT 0AG).

Aoknoeic Epnédwonc

1. Na BpgBolv n ywvia Kal n KEVTPIKA yYwvia &vOog
KOVOVIKOU: TTEVTAYWVOU, €£Saywvou, OEKaywvou Kal
OwodeKaywvou.

2. Av n ywvia gvog Kavovikou TToAuywvou egivar 108°,
TOTE TO TTAROOG TWV TTAEUPWYV TOU Eival:

a.15 B.12 y.10 &6.5 €8

KukKAwoTte 17O YpAMMO TNG OWOTAG ATTAVINONS Kal
AITIOAOYNOTE TNV ATTAVTNON COG.

3. Z& OUO KAVOVIKA TTEVTAYWVA O AOYOSG TwV TTAEUpWV
TOUG €ival A = 2. [Molog gival 0 AGyog TwV ATTOOTNHATWY,
TWV OKTIVWV TOUG, TWV TrEPIMETPWY TOUG KOl TWV
eMBadwyv TOUG;

4. Ta TARON Vi, Vo TWV TTAEUPpWV OUO KOAVOVIKWYV
TTOAUYWVWV gival avTtioToixXa pieg TWV €ICWOEWV:
vi-3v?-7v-15=0,2v-9=+v—-4.

Na atrodeigeTe 0TI Ta TTOAUYWVA gival OpoIa.

5. Na atrodeigete 6TI TO NOVO KAVOVIKO TTOAUYWVO ME
ywvia oggia €ival To ICOTTAEUPO TPiywVvo.

6. Av éva KOVOVIKO V-ywvVvo Kal £€va KOVOVIKO M-YWVO
(M > v) cgival gyyeypappéva oTov idl0 KUKAO, va
ATTOOEISETE OTI
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) K, - K, =4(a’-a}),

i) A, >A, &a, <a,.

7. Oewpoupye €Eva Kavoviké Trevraywvo ABIAE
gyyeypappévo og KUKAO (O, R). Na atrodeigere OTI

i) kKGBe Odlaywviog Xwpilel TO TEVIAYWVO Of £&va
I000KEAEG TPATTECIO KOl OE £V ICOOKEAEG TPiywVO,

i) n dIxotépog TnG yYwviag BAT eival kKGOetn otnv
mTAeupa AE,

lii) OUo Olaywvol TOoU Ogv €XOUV KOIVO AKPO
oxnuatiouv pJe OUO TTAEUPEG TOU TTEVTAYWVOU pOHBo
Kal

iv) av H gival To onueio TopRg tng Al ye tn BA, 10T1¢E
AH* = Al -HI".

AnNOJEIKTIKEC AOKNOEIG

1. To damedo &vog dwpatiou oTpwWONKe pe TTAOKIOIA
OXNMOTOG KAVOVIKWYV TTOAUYWVWV HE TTARB0G TTAsupwyv
A, M, Vv, 6TTOU A # B # v # A Na amodeiiete OTI
1 1 1 1

A |.I+ v 2

2. Av €va TTOAUYWVO €ival eyypAaAWINO Kol TTEPIYPAYIMO

o0& OUO OMOKEVTPOUG KUKAOUG, va atrodeigete OTI gival

KOVOVIKO.

3. Av A, B, I, A cgival OI000XIKEG KOPUQPEG €EVOG

KOVOVIKOU V-ywVvou (v24), va atrodEigeTe OTI

Al —AB°=AB-AA.

4. Av Ey, €ival To eufaddv £vog KAVOVIKOU 2vV- YWVOU

(v>4), eyyeypappévou o€ KUKAo (O, R), va atrodeigeTe OTI
1 . , .

E., =§PVR , OTTOU P, N TTEPINETPOG TOU KAVOVIKOU V-

YWwvVou akTivag R.

5. Av Ay givai TTAEUPA KOVOVIKOU

V-YWVOU TTEPIYEYPOAUMEVOU O€ KUKAO Kal A, o, N TTAEupda
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Kal TO aréoTnua avTioToIxd, KOVOVIKOU
V-YWVOU EYYEYPOAUHEVOU OTOV id10 KUKAO, va aTtrodeigeTe
OTIR-A, =qa, A, .

6. Av E,, Eg, Ey €ival Ta gufadd KAVOVIKWV V-YyWVWV
TTOU £XOUV TTAEUPEG iIOEG avTioToIXa ME TIG TTAEUPEG a, B,
y opBoywviou Tpiywvou ABI (A = 11), va amodeifere
omi Eg +E, = E, .

2uvOeTra Oepara

1. O1 NMuBaydpeiol IocxupidovTav OTI UTTAPXOUV Tpia HOVO
KOVOVIKA TTOAUYWVA TWV OTTOiWV Ol YWVIEG HTTOPOUV Va
KaAUyouv TO £Tmiredo yupw ammdé éva onueio. Ta
KOVOVIKA auTd TTOAUYywva €ival Ta 1I00TTAEUpa TPiywva,
TO TETPAYWVA KAl TO KAVOVIKG €§aywva. Na atrodeigeTe
TNV aARO&Ia TOU 1I0XUPICHOU auToU Twy MNMubayopeiwv.

2. 'ECTW KAVOVIKO V-yWVO KOl ONHEIO £ OTO ECWTEPIKO
Tou. Av d4, do, ..., dy €ival Ol ATTOCTACEIG TOU X ATTO TIG
TTAEUPEG TOU V-YWVOU, VO OTTOOEISETE OTI

d, +dy, + ... +dy = va, , 6TTOU Oy TO ATTOCTNUA TOU V-
YWVou.

3. Xg KavovikO Otkaywvo ABIA..K n tAsupa AB
TTPOEKTEIVOMEVN TEMVEI TNV TTPOEKTAON TnG aKTivag O
oto onueio M. Na atrodeigete 611 AM=AA.

11.3 Eyypa@n BACIK®OV KAVOVIK®OV NMOAUY®V®OV

O€ KUKAO Kal OTOIXEIAQ TOUG

ATé TnV TTOPATAPNON THG TTPONYOUMEVNG TTapAYPAPOU
TTPOKUTITEI OTI YIO VA KOTOOKEUAOOUME £VO KOVOVIKO
TTOAUYWVO HE V (v23) TTAEUPEG, APKEI VO XWPICOUME Eva
KUKAO o¢ Vv ioa 16§a. H Kataokeung ME Kavova Kal
O1aBATN Oev gival duvaTnh yia KAOe v. (oxoAio §11.2). Z1n
ouvéxela, 0a aoXoAnOoUpe HE TNV £yypO®R MEPIKWYV
BaCIKWV KAVOVIKWV TTOAUYWVWY O€& KUKAO Kal Oa
UTTOAOYiOOUME TO OTOIXEIO TOUG.
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e TeTpaywvo
‘Eotw €évag kUkAog (O,R) (ox.7). Av (papoups ouo
quaTeg 6lap£Tpoug Al ka1 BA, 0a givai AOB=BOlr=T
OA= AOA= 90°, omore AB=BI=TA=AA «ai
emopévwg 1o ABTIA gival Tetpdywvo. Ao 1o opBoywvio
Kal  1000KeAéEg Tpiywvo OAB pe gpappupoyn
TOU NMuBaydpeiou fswpRuaTOG EXOUME
N, = AB? = OA® + OB* =R* +R* = 2R?

aTdé TNV OToid TTPOKUTITEI

oTI: )‘4=R\/E.

AT1ré Tn BAaCIK OXéoN
2

(1\2,+%=R2 MEV=4

TTPOKUTITEI OTI

(Rf) R2

a; =R’ - ,

OnAadn

e Kavoviko eEaymvo

‘Eoctw kUkAog (O,R) ka1 AB n
TTAgupa TOU KOVOVIKOU
gaywvou T1ou 0BéAoupe va
eyypayouue otov (O,R) (ox.8).
Téte AOB = wg = 60° kai
ereidj OA = OB (=R) 710
Tpiywvo OAB cival 1001TAgUpoO.
Apa AB = OA = R, dnAadn

A, =R
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‘ETO1 YyIO TNV £yypOa®R KAVOVIKOU £5AYWVOU O& KUKAO,
TTAipVOUE TTAVW OTOV KUKAO £E1 dladoxika T16¢a AB, Bl

, TA, AE, EZ kau ZA pe avrioToixn xopdn R, 1o Kabéva,

otmrote To ABIAEZ gival kavoviko g§aywvo. ETeidn Ag=
2

R, amré tn Baoikn oxéon o +% =R? ME AVTIKATAOTAON

TOU Ag TTPOKUTTTEI OTI:

0(§=R—4 4!r| CI6=

, R®_3R® Ry3
2

e IoonAgupo TPiywvo
Av ta onueia A, B, I, A, E kau Z
(ox.9) diaipouv ToVv KUKAO o€ €51
ioa 16¢a, TOTE T onueia A, I, E
gival  KOpUQYEG  100TTAEUpOU
TPIYWVOU, a@pou

Al =F'E=EA =120°.
Emeidil AA=180°, n AA civai
OIGMETPOG KAl ETTOMEVWG TO ZXAMa 9
Tpiywvo Al A gival opBoywvio, oTroTe
N, = Al = AN - AI? =(2R)" -R? = 3R?,

Ankadi A, =R3 .
2

E@appofovrag Twpa Tn oxéon o’ + % = R?, TTPOKUTITEI

oTi a, = R
3 2 )
Ta oTolXEia TWV TTAPATTAVW TTOAUYW VWV
OUYKEVTPWVOVTAI OTOV ETTOUEVO TTiVOKO:
TeTod Kavoviké looTtTAEUpO
ETPAYWVO ) ,
£CAYWVO TPiywvo
Meupd Av | A, =Ry2 A, =R A, =RJ3
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EOAPMOIH 1

2 € OOOMEVO KUKAO va eYypaPEi KAVOVIKO OEKAYWVO.
Auon

‘EoTtw AB=A1, (ox.10) n TTAEUpdG TOU KAVOVIKOU

OEKAYWVOU TTOU BEAOUME VO EYYPAWYOUHE OTOV KUKAO
(O,R).

(o]

H KevTpIKN) ywvia AOB givai

= 36° Kal KaBegpia

amdé TIG Ywvieg TNG Bdong TOU
|gooAK£A00g Tpiywvou OAB civai

A=B=72°.

‘Etol, av gépoupe Tn dixotopo AA 1nG

ywviag OAB Ta Tpiywva AOA ka1 ABA A
gival I000KEAR, a@ou gival A B
AAO = 36° = AOB Kai Zxfua 10

AAB=A, +0=36°+36°=72°=B.
Emropévwg, OA = AA = AB = Ap kait BA = R - Ap.Me
EQapuoyn Tou BewpPnHATOS TNG OIXOTOMOU OTO TPIyWVO
OAB 1TpoKUTITEIl OTI:
AB AB A, R-A, )

= L = @)\ =R R—)\
AO AO R A, 0 =R(R-Ay)
Kal €reIdN Ajg = AB > AB =R - A (agpoU AAB > BAA), n
TEAeuTaia 100TNTO  eKPPAlel OTI TO A E€ival T1O
MEYOAUTEPO ATTO TA TMAMOTA TTOU TIPOKUTITOUV QV
Olaipécoupe TNV akTiva R og péoo kKal akpo Aéyo. lNa
TNV KOTOOKEUI] TOU KOVOVIKOU OE&KAYWVOU TOU
EYYEYPOHUMEVOU OE KUKAO , OI0IpOUME TNV OKTIiva TOU
KUKAOU ©g¢ PEOCO KOl AKPO AOGYOo KOl OTn OUVEXEIA

opifoupe Ta diladoxikd T6¢a AB,BI,---,TTOU é€XOUV TO
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KaOéva xopdn ion HE TO MEYOAUTEPO TMAMO OTA OTTOId
XwpileTal n akTiva JE TN d1aipeCH TNG O€ HECO KAl AKPO
Ab6yo.

ApaoTnpioTnTta

Na amodeixfei 6T A, =§(\/§ —1) KOl va utroAoyioOsi

TO U1p.

EOAPMOIH 2

€ OOOHEVO KUKAO, va EYYPAPEI KAVOVIKO OKTAYWVO
Kdl va unoAoyioOouUv n nAeupa Tou Kal To anooTnpa
TOU.

Auon

Eyypdapoupe otov KUKAO (ox.11) 1O
TETPpaywvo ABI'A kol oTn cuvéxela
TTaipvoupe Ta péoa E, Z, H, © Ttwyv
TOEWV TTOU  AVTIOTOIXOUV  OTIG
mAgupég AB, BIN, T'A kai AA. Tote 10
AEB...O givai To {nTOoUMEVO
OKTaywvo. Av 0Oswpnooupe 1N
diaperpo EH 1TOoU avrioToixei oto E,
emei®l 710 Tpiywvo AHE cival
opBoywvio Kal

n AB kd8etn otnv EH, éxoupe AE’ =EH-El=2R(R-0lI)
Kol TEAIKA, apou AE = Ag ka1 Ol = a,

éxoupe: N, =2R(R-a,)= ZR(R—R\EJ =R2(2—\/§) Kol

2
ETTOPEVWC ‘ A =Ry2-42 ‘

107 / 240



. . . N , .
Télog, ammd Tn oxéon o(§+78=R2 TTPOKUTITEI OTI

E®OAPMOIH 3n Tinog Tou ApXipund

'Eva KAVOVIKO V.YyWVO E€ival EYYEYPAHHEVO OE KUKAO
(O, R). Na esyypagei oTov id10 KUKAO KAVOVIKO 2V-
ywvo kai va anodeix0si 611 A3, =2R(R-a, ).

Auon

Av TTAPOUNE TO MECA TWV TOSWV TTOU
OVTIOTOIXOUV OTIG TrAEUPEG TOU
KOVOVIKOU  V.ywvou, O KUKAoOG
Olaipeital o€ 2v ica T6EA.

‘ETO1 TTPOKUTITEI TO EYYEYPOAMMEVO
KOVOVIKO TTOAUYWVO ME 2V TTAEUpEG.
‘Eotw AB = A, (oX. 12) ka1 M To péco

TOU T6Sou AB. Téte AM = A,, kalt OM 1 AB. Etropévwg,
a1ré 1o NMubBaydpeio Bewpnua oto Tpiywvo AHM éxoupue

2
AM? = AH2 + HM? A A2, =("?J +(R-a,) =

2xApa 12

2

N R+ 2-2Ra, i K, =2R-2Ra,
4 \'4 \"

2

(apou %_I_a\z, = R?) I"]‘ Aiv =2R(R'C|v)
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2XOAIO
2

. , A . .
Ao T OoYxéon q§v+%=R2 TTPOKUTITEI  OTI

ARZ— N AR —(ZR2 - ZR“v) AR? + 2Ra., .
qgv — 2v _ —_ \ n
4 4 4

ai, = %(R+av)

AZKHZEIZ I'lA AYZH

EpwTnoeig Katavonong

1. XapakTnpiote WG owoTtéS (Z) | AavBaopuéveg (A) TIg
TTOPAKATW 100TNTEG, OIKAIOAOYWVTAG TIG OTTAVTAOEIG
oag.

)R +N =R A
i) Ag*A,#A;=3R(142+43) : A
i) a3+a4+a6=§(1+ﬁ+ﬁ) 5 A

2. Av A, B, I', A diadoxika onpeia kukAou (O, R), woTe
AB=R+2, B[ = A, kai TA = R, va g€nyfoeTe yiati n AA
gival SIAGUETPOG TOU KUKAOU.

3. Av A, B, I diadoxika onpueia kUkAou (O, R), woTe
AB =120° kau BI' =60°, n mrepipeTpog Tou Tpiywvou ABIT
givai:

a. (3++/3)R, B. 4R,

V. 2 +3)R, 5. B3+2)R.
AIKaIOAOYNOTE TNV ATTAVTNOT COG.

4. £TO TTAPOKATW oXAMA N Ywvia M givai:
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(0
R/2
A ',J_| B

a.30° B.45° y. 50° &.60° €. 75°

AIKaI0OAOYROTE TRV ATTAVTNOT) COG.

Aoknoeic Epnédwonc

1. Na utroAoyicete wg ouvdptnon Tou R 1o gupBadov
EVOG 1I00TTAEUPOU TPIYWVOU, EVOG TETPAYWVOU KOl £VOG
KOVOVIKOU £§0YWVOU, TTOU Eival EYYEYPOAMMEVA O KUKAO
(O,R).

2. Kavoviké TrToAuywvo é£xel aktiva R = 10cm kai
améoTnMa o, = 5.3 cm. Na BpeBei N TTAEUPdG TOU A, Kal
TO EMBaddv Tou E,.

3. Kavoviké TroAuywvo £xel akTiva R = 8cm kal TAgupd
A, = 8V2cm. Na Bpebei TOo amoéoTnud TOU O, KAl TO

EMBadOV TOU.
4. g KUKAO (O,R) TTaipvoupe di1adoxIka Ta Toa

AB =60° BI' =90° ka1 A =120°. Na utroAoyioBoUv wg
ouvaptnon Tou R o1 TTAgupég Kal 10 €UBAdOV TOU
TeETpatrAgupou ABIA.

AnoJEIKTIKEG AOKNOEIG
1. To dBpoiopa TWV YWVIWV €&VOG KAVOVIKOU
TTOAUYWVOU gival 8 opBEg Kal To EYBAdOV TOU 6\/§ cme.

Na BpeBei n akTiva Tou.

2. 2& KUKAo (O,R) kal eKaTEPWOEV TOU KEVTPOU TOU,
Bswpoupe duo TTapdaAAnAeg xopdég Tou AB kai M'A, woTe
AB = R ka1 TA = R+3. Na utroAoyicboUv o1 pn

110/ 242



TTapAAAnAeg TrAeupég Al kai BA Tou tpatrefiou ABAT,
TO UYoOG Tou Kal To eEufaddv Tou, wg cuvapTnon Tou R.

3. Na utroAoyioTouv WG ocuvdapTnon Tou R n TTAgupd A,

KOl TO OméoTnua o> €VOG KOVOVIKOU 12-ywvou
gyyeypaupévou og KUkAo (O,R).

4. Na utroAhoyiocete wg ouvdaptnon Tou R 1o gufaddv
EVOG KAVOVIKOU OWOEKAYWVOU, XWPI§ va UTTOAOYIOETE
TTPONYOUHEVWG TNV TTAEUPA KaI TO ATTOCTNUA TOU.

ZUvOeTa Ospara

1. Aiveral KkukAog (O,R) ka1 xopdn Tou N'A = Ag. Navw o€
TUXaia euBgia € TTou DIEPYETAI ATTO TO KEVTPO KAl
ekaTépwOev Tou O Traipvoupe onueia A, B, wote OA =

OB = a3. Av M 10 péoo tng A, va atrodeiiete OTI
MA? + MB? = X,,.

2. A6 10 Onpeio A &k16G¢ KUKAou (O,R) @époupe
Tépvouca ABIN, wote AB = BI. Av OA = RJ7 va

atrodeifere 611 Bl = A3 KOl OTN OUVEXEIQ VO UTTOAOYIOETE
TO EuBadOV TOU TpIywvou AOT.

3. Z& KUKAo (O,R) Bswpoupe Ta diadoxika onueia A, B, I,
woTe AB = Ag kail BI' = A3. Av M 10 péoo tng BI' kai A 1o
onueio TTou TERVEl N TpoékTaon TnGg AM Tov KUKAO, va
UTTOAOYIOETE, WG ouvdpTnon Tou R, To TuARua MA.

ApaoTnpioTnNTE

1. EppnvevovTag o0& «YEWMETPIK YAWOOO» TNV

apifunTikn 100TNTA E—i—i owoTe €va TPOTTO
PIOUNTIKN n 6 10 15’ P

KOTOOKEUNG TNG TAEUpAg Kavovikou  15-ywvou
EYYEYPOAMMEVOU OE KUKAO.

2. Kavovrag T10 id10 yia TNV apiOunTiKi 100TNTA
1 1 1

§_Z=E ,va OWOEeTE Eva OEUTEPO TPOTTO KATAOKEUNG
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TNG TTAEUPAG KAVOVIKOU 12-ywvou gyyeypolHéEVOU O€

KUKAO .

MRkoC¢ KUKAOU
11.4 MpPooEYYION TOU HNKOUG TOU

KUKAOU HE KAVvoVIKa NOAUymva

Me 1 LoRdeia TG TTEPIMETPOU
KOVOVIKWY TTOAUYWVWYV TTPpooeyYi{ouuE
OTN OUVEXEIO TNV £vvold TOU MAKOUG
KUKAou. Ag Otswpnooupe €vav KUKAO
(O,R) (ox.13) ka1 ag gyypAyouue o€
autov  dl1adoxika €va  100TTAgupo
TPiywvo, £va KavoviKO 6-ywvo, é£va
KOVOVIKO 12-ywvo KOl YEVIKA £va
TTOAUYwvo He OITAdoio kKabe @opad
TTANRO0G TTAEUPpWYV ATTO TO TTPONYOUHEVO.
KaBwg o apiBuoég Twy mTAsupwy Twv
KAVOVIKWYV TroAuywvwyv OSiTAaciaderal,
amdé TO OXAMA @aiveTal OTI: «TO
KOVOVIKO TTOAUYWVO TEiVEI va TAUTICOEI
ME TOV KUKAO».

270 010 CUUTTEPACHO KATOARYOUHE Kl
OV aVvTi EYYEYPOMMEVWY BewpAROOUUE
KOVOVIKA TTOAUYyWwVa TrEPIYEYPOAMMEVA
otov  kKUkAo (O,R) (ox.14) «kai
dirAaoialoupe diapkwg 1o TTARBOG TWV
TTAEUpWV TOUG. AV Bewprjooupe Aoitrédv
TNV akoAoulBia (P,) TwV TTEPIPETPWYV TWV
KOVOVIKWV TTOAUYWVWV TWV
EYYEYPOApMEVWY OTOV KUKAO (O,R) kai
TNV akoAouBia (P’,) Twv TrepIgéTpWyV
TWV  TTEPIYEYPAMMEVWV KOVOVIKWV
TTOAUYWVWYV YUPW

:
)

2xAua 14

a1ré TOV id10 KUKAO, TOTE ATrOdEIKVUETAI OTI UTTAPXEI
MOVaOIKOG BeTIKOG aplONOG L HeEYOAUTEPOS OAWV TWV
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6pwv TNG akoAouBiag (P,) kal HIKPOTEPOG OAWV TWV
opwv ™G (P’y) ME TNV €§AG 1016TNTA: KOBWG TO V
oirAaoiaderal, o1 6pol Twv akoAouBiwv (P,) ka1 (P'y)
mTpooeyyiCouv OAo Kal TTEPICCOTEPO TOV ApIOuo L.

O apiBuoég L (tTTou gival To KOIve 6plo Twv aKOAouBiwyv
KOl OaveEApTNTOG OTTé TNV  EMMIAOYH KAVOVIKWYV
TToAUYWVWYV) AéyeTal KOG TOU KUkAoU (O,R).

O Irrokpdtng o Xiog ammédeife TPpwTog 0TI 0 Adyog %

TOU MNKOUG TOU KUKAOU Trpog Tn OIGUETPO TOU E€ivai
otafepdg, dnAadn eivar o idlog yia kKABe kUkAo. H

oTafep auth TINA Tou Adyou % oupBoAileTal d1eBvwg
ME TO EAANVIKS ypappa 1T (apXIKO TNG AEENG TTEPIPEPEIN)
OnAadn %=1T, OTTOTE TTPOKUTITEI OTI TO MAKOG L TOU

KUKAou akTivag R diveral amrd tn oxéon L=2nR .

O apiBuoég T gival Evag AppnTog, UTTEPRATIKOS apIOuOg
KOl  MIO  TTPOCEYYIOH TOUu, TrOU OTnV  TIpadn
XpnoigoTroigital, ivar = 3,14

O ApxIpAdNG XPNOIMOTTOIOUCE WG TTPOCEYYIOT TOU T TO
22

-

11.5 MnRAko¢ TOEoU

‘EoTtw éva 1650 AB £vOG KUKAOU
(O,R) (ox.15). Mia TeBAaocpévn pE
akpa TOa onueia A, B kol TIg
GAAEG KOPUYEG TNG OnMEia Tou
TOSoU AéyeTOl EYYEYPAHHEVN
ot1o 160 AB. XTnV TrEPITTTWON
TTOU Ol TTAEUPEG TNG Eival iCEG,

AéyeTai
KOVOVIKN TEOAAOHEVN.
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Mia TeBOAaouévn pe akpa Ta A, B Kol TTAgupég
EQATTTOMEVEG TOU TOSou AB AfyeTal NMEPIYEYPAMHEVN
TEBAaopévn oto 160 AB. H évvola TnG KAVOVIKAG
TTEPIVEYPAMMEVNS OpileTal, OTTWG OTNV TTEPITITWON TNG
gyyeypoaupévng. To pRkog tou 16ou AB kKUKAou (O,R)
opideTal OTTWG KAl TO MAKOG TOU KUKAou. AnAadn To
HNKOC TOU TOEOU AB gival 0 povadIKog BeTIKOG apIONOG
{ TOV OTroio TTpooeyyi(ouv OAOEVa KAl TTEPICOOTEPO TA

MAKN Py Kal P’y TwV KavoviKwV TEBAAOUEVWYV YPAPHWY
TWV EYYEYPOAMMEVWYV KOl TTEPIYEYPOAMMEVWY AVTIOTOIXO

oto 1680 AB, kKaBwg TO Vv OdImAaciaderal. Emreidn o
KUKAOC gival T6€o 360° pe pkog 2R, 10 1680 1° Ba éxel

KO 2R omroTe éva T6S0 P° Ba £xel PAKOG £ = nRy
HNKOG 360 H XE&l HNKOgG 180
(1).

Emiong, éva 16§00 KUKAoUu pe PAKOG R AéyeTal AKTIVIO
(rad).
Apa éva 160 a rad éxel pAkog aR, dnAadn /=aR (2).

Ao 116 (1) K1 (2) TTPOKUTTITEI OTI a-_F

n 180

EOAPMOIH

2€ KUKAO (O,R) BewpoUpe diaueTpo AB Kal TIG XOPOEC
AT ka1 BT, ®ote Alr=2cm ka1 BFr=2./3 cm. Na BpeOsi
TO HAKOG TOU KUKAOU KdaI Ta HAKN TV ToEwv Al kal
I'B, nou €ival HIKPOTEPA TOU NHIKUKAIOU.

Auon I

Emeidn n AB e&ival O1GueETPOG, N

ywvia Al # B 0a eival opOn, otrdTe

amé 10 Oopboywvio Tpiywvo FAB A B
éxoupe AB” = AI'” + BI'* R

(RY'=22+(2v3) 1 4R® = 16

114/ 244




onAadl R = 2. To pAkKkog L ToOU 2xAua 16
KUKAou

Oa gival L = 2R = 41 cm. ETre1dn Ar=2 = % , 0a givail

B =30°, omdrte Al =60° Kal ETTONEVWG TO MAKOG TOu Oa
MRy  1-2-60 _g“ cm

gival: £, = =
180 180
TéAog, apou A =60°, Ba gival Bl =120° Kail TO HKOG
, m-2-120 4
TOoU, Ba gival £, = =—Tr cm
180
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A2ZKHZEIZ I'IA AYZH

EpwTnoeig Karavonong
1. AvTtioTolIXioTE KGOe pEyeOOG TG OTAANG A ME TNV TIUA
TOU 0T OTHAN B.

A B
aR
MRKog KUKAou akTivag R 2R
Mrkog 16§ou p° (0€ KUKAO OKTiVOG R) TRy
Mikog 16gou arad (0€ KUKAO OKTiVAG R) 360
20R
TRy
180
2. To yAKog L 160U, KUKAOU aKkTivag R pe Xopdn Ag

1 1
gival: a. 6R B. MR . §1TR 0. 2R . §R

KukKAwoTte 17O YpAMMO TNG OWOTAS ATTAVINONS Kal
AITIOAOYNOTE TNV ATTAVTNON COG.

Aoknoeic Epnedwonc

1. Mavw ot evBeia € Oewpoupe d1AdOXIKA Ta onUEia A,

B, I ka1 A. Av L, Lo, L3, kKai L €ival Ta AKN TWV KUKAWV
ME Olapétpoug AB, BIL, T'A kai AA avTtioToiXxa va
atrodeiere 611 L + Lo + Ly =L.

2. Na Bpeite TO HAKOG TOU EYYEYPOAMMEVOU KUKAOU O€
KOVOVIKO £¢aywvo TTAeupdag 10cm.

3. Na BpeBei To NAKOG TOU TOEOU TTOU AVTICTOIXEI OTNV
TTAEUPA KavoVIKOU 10-ywvou eyyeEypOuMEVOU OE KUKAO
OKTivag S5cm.

4. Otav éva mrodnAaro diavuel gia amdéoTacn, 0 £Vag
TPOXOG TOU TToU £XEl aKTiva R KAvVEl v OTPOPEG, EVW O
GAAOG, TTOU €XE&l OKTiva p Kavel 2v oT1po@és. Na
atrodeieTe 6TI R = 2p.
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5. Aivetal KUKAog (O, R) kal Ta diadoxIkd Tou onueia A,
B, I, wote va egivar AB = Rv2 ka1 B = Rv/3. Na

Bpebouv Ta MAKN TwWv T6EWVv AB, BI' kai TA, wg
ouvapTtnon Tou R.

AnNOJEIKTIKEC AOKNOEIG

1. Me diauerpo TNV aktiva OA &vég KukAou (O, R)
ypaouue KUKAo (K) kal atré To O @pépoupe nuigudEia
TToU TEPVEI ToV KUKAO (O) oto I’ kai Tov KUKAO (K) oTo A.

Na atmrodeifere 611 Ta T6a Al kai AA éxouv ica MAKN.

2. Na atodeifere OTI TO MAKOG TOU KUKAOuU, Trou
EQATITETAI OE OUO OMOKEVTIPOUG KUKAOUG, I00UTAI [E TO
NUIGOpoIoHA | TV NUISIAPOPA TWV HNKWV AUTWYV, OTAV
AVTIOTOIXO O KUKAOG QUTOG TTEPIEXEI OTO ECWTEPIKO TOU
| 6XI TO MIKPOTEPO KUKAO.

3. Aiveral Tpiywvo ABI pe

a=13cm, B =14cm ka1 y = 15cm. Na Bpeite TO PRKOG

i) TOU eyyeypappEVOU KUKAOU TOU TPIYWVOU,

Ii) TOU TTEPIYEYPANMEVOU KUKAOU TOU TPIYWVOU.

ZUuvOeTa Ocpara

1. Aivetal nuikukAio (O,R) diapétpou AB. Me diapéTpoug
TIG AO kai OB ypA@oule OTO ECWTEPIKO TOU TTPWTOU
NUMIKUKAIQ. Na UTTOAOYIiCETE TO MIAKOG TOU KUKAoOuU, O
OTrOIi0G EQPATITETAI TWV TPIWV OGUTWYV NHIKUKAIWY, WG
ouvapTtnon Tou R.

2. Aiveralr tetaptokUKAIo OAB. Me diauerpo tnv OA
YPAPOUUE OTO EOCWTEPIKO TOU TETAPTOKUKAIOU,
NUMIKUKAIO KOl OTn OUuvéEXEla ypagouue KUKAo (K) trou
EQATTTETAI OTO NMUIKUKAIO, oThnV TTAgUupd OB Kal oTo TOEO

AB. Na atrodeifete 611 TO upKog TOoU KUKAoU (K) 1couTai

ME TO MAKOG TOU TOEou AB.
3. Na Bpeite T0 pAkog ™S Ypauuns ABIAEZ Ttou
TTOAPOAKATW CXAMATOG.
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K

ENBadov KUukAikoU diokou

11.6 Mpootyyion TOoU E€EHPBAdOU KUKAOU HE
KAVoOVIKA NoAUywva

‘EoTw évag kUkAog (O,R). O
KUKAOG padi ME TO ECWTEPIKA
TOU oOnMeEia armroteAolv TOV
KUKAIKO Oioko pe kévrpo O
Kal aKTiva R. 2TnV
mmapaypago 11.4 €idaue OTi
TAd  gyyeypoppéva 1R TO
TEPIYEYPOAMMEVO OE  €vav 2xApa 17
KUKAO KAVOVIKA

TTOAUYWVA TEIVOUV va TAUTICOOUV ME TOV KUKAO, KOBWG
To TARB0¢ TWV TAtupwv ToUug OITmAaoialetal. O
MOoVvadIikOG 0OeTik6G aplBuég E T1pog TOV OTrOiIO
TANOIG{ouv OAOEVa KAl TTEPICOOTEPO, TA EURADA TWV
EYYEYPOMUMEVWYV KOl TWV TTEPIVEYPOAMMEVWYV KAVOVIKWYV
TToAUYWVWYV, AfyeTal ENRAdOV TOU KUKAIKOU SioOKOU R
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amAovuoTepa €pPadov Tou kKuUkAou. Emeidy o E
mpooeyyiletalr amd 10 gUPAOOV eyyeEYPOAUHEVWV R
TTEPIVEYPANMEVWV KOVOVIKWYV TTOAUYWVWYV, ag
OcwpPOOUNE £EVa KAOVOVIKO V-YWVO EYYEYPOAMMEVO OTOV
KUKAO (O,R). TéTe TO eufadoév E, diveral amrd Tov TUTTO

&=%ﬁm (1).

AT1é 10 OX.17 @aiveTal 611 KOBWG TO VvV dITTAACIAfETAI TO
a, Trpooegyyifelr Tnv okTtiva R kai emwedy 1o P,
mpooeyyifel To MAKOG L TOou KUKAou, amdé tnv (1)
TTPOKUTITEI oTI TO E, TTpooEeyyidlel TO

1L.R=121TR.R=1TR2
2 2

‘ETO1 £XOUME TO £TTOMEVO BEWpPNa.
To gpBadov E evog kukAikoU diokou akTivac R diveral
ané Tn oxéon E = nR>

11.7 EpBadov KUKAIKOU TOHEQ Kal KUKAIKOU
THAHATOG

e KukAikog TopEag

Oetwpoupue évav KUKAo (O,R) kal pia etrikevrpn ywvia A
OB (ox.18).

To 0UVOAO TWV KOIVWV orlpaiwv /

TNG £TiKEVTPNG YWwViag AO B kai
TOU KUKAIKOU diokou (O,R)
AEYETAI KUKAIKOG TOMENG KEVTPOU
O ka1 akTivag R. O KUKAIKOG
auTog Topéag oupBoAileTar OAB
. Av n eTTiKEVTPN YWVia AOB
givar P°, AEME OTI KOl O KUKAIKOG
Topéag OAB givan p°.

To eyBadOV Tou KUKAIKOU TOHEO OpileTal avaAoya ME TO
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eMBadOV TOou KUKAOU Kal cupBoAileTal (OAB).

Ee1di o KUKAIKOG Biokog gival KUKAIKOC Topéag 360° ue
2

EMBadOV 1TR2, O KUKAIKOG TOopéag 1° £xel eupadod 260

2

R

Kal pa évag Topéac p° Ba £xel RSOV

QoTe TO €UPAdOV €voc KUKAIKOU Topéa OAB p° kai
akKTivag R diveral amrd tnv 106TNTA:

nR?p
OAB) = :
( ) 360
Emiong, e€meid] o0 KUKAIKOG O

diokog (O, R) eivalr Topéag 21
rad pe eyfadodv 1TR2, £VOg TONEQG
o rad Oa £xel epBadov

mR* o= 1 oR2.

21 2 ZxAMa 19
EtTropévwg, To EPPBadOV £vOg KUKAIKOU Topéa OAB a rad
Kal akTivag R diveral atd tnv icétnTa

(OAB) = %O(R2

e KukAIkO TURHaO

‘EoTtw €évag KUkAog (O,R) kai pia
xopdn Tou AB (0x.20). H AB
XWwpPilel Tov KUKAIKS dioko o€ duo
MEPN TTOU BPicKOVTAIl EKATEPWOEV
QUTAG.

KaBéva atrdé autd ta pépn Aéyetal
KUKAIKO TuRHa. To eufaddv € Tou
KUKAIKOU THMOTOG TTOU TTEPIEXETAI
oTtnVv KUpT Ywvia AO B utroAo-
yideTal ye Tn BonRdeia Tng 106TNTAG,

¢ = (OAB) - (OAB)
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onAadny agaipwvrag amd 1o gUBAdOV TOU KUKAIKOU
Topéa OAB 10 gufaddv Tou Tpiywvou OAB.

E®APMOIH 1n ( Mnviokoir Tou Innokpar

AiveTal opBoywvio Tpiywvo ABI

(A = 90°). Me diapeTpoug BI, AB ka1 Al' ypapoupe
nHiIkUkAIa oTo nuieningdo (BI, A). Na anod&ix0ei oTi
TO GOpoiopa Twv gpBAdwV TV OXNHATI(OHEV®V
HNVIOKWV gival ico pe To epfadov Tou Tpiywvou ABT.
(Mnviokog gival TO OXAMA TTOU «TTEPIKAEIETAI» ATTO dUO
TOEa TTOU £XOUV KOIVy XopdN Kal BpioKovTal TTPOG

TO i010 HEPOG TNG). A

AnodeiEn

2UMBOAICOUNE HME M1, M2 TO

EMBada Twv oXnUATIONEVWYV

MNVIOKWV, T4, To Ta EuRada Twv B I
KUKAIKWV TUNHATWYV HE XOPOEG TxAuO 21

AB, Al avTioToIXa, 0TO NUIKUKAIO d1apéTpou BI.
‘Exoupe

1 (ABY 1
“1=(“1+T1)_T1=§"(7) —T1=§1TAB2—T1= Kl
1 (Ary 1
|J2=(|.|2+T2)—T2=§1T(7) -T, =§1TAB2—T2=,

aTrd TIC OTTOIEC, XPNOIMOTIOIWVTOC Kal Tn oxéon AB® +
Al” = Bl Bpiokoupe
1

“1"‘“2=%1T(ABZ+AFZ)—T2=§1T(Br2)—(T1+T2)=
1 (Bry
- 2n(B) ~(r,+7.) = (aBn).
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2XOAIO

Emreidn p1 + po = (ABIN) Kal KABe Tpiywvo TeTpaywvileTal,
TTPOKUTITEI OTI TO GOpoICHA My + My TETPpaywvVideTal. Ol
MNVioKOl auToi atroTeAoUV TO TTPWTO MN €UBUYypauMO
OXNAMO, TO OTTOIi0 TETPAYWVIOoONKE a1rd TOV ITTTTOKPATH
Tov Xio (yevvhnOnke Trepi 1o 470 1.X.). O ImmmokpdTng
ETMiONG TETUXE TOV TETPAYWVIOHO Kol AGAAwv OuUo
TEPITITTWOEWYV NNVIOKWV.

EOAPMOIH 2

Aivetar kukAoc (O,R) kai duo
xopdéc Tou AB=R.2 kai
Al =R\3 (ox.22). Na
unoAoyioO&i N NEPIYETPOG KAl TO
€pBadov E TOU HIKTOYPAHHOU
Tpiywvou ABI, w¢ ouvaprtnon
TOU R.

Auon

e Emaidi AB=R+2 kai Al=R+2, éxoupe avrioToixa
AB=A, ka1 Al'=A3;, omrote AOB = 90° kot AOT = 120° Kai
ETTOMEVWG BOI = 30°. ‘Eto1 TO MAKoG £/ Tou TOSoUu BI

mR-30 7R

givan (= 180 = 5 Apa n TrepiPJeETPOG S TOU

MIKTOYpappou Tpiywvou ABI givai
S=R\/§+R\/§+%R=R(\/§+ 3*%)'

® lNa 1o gufadov E éxoupe: E=(OAlN—-(OAlN) -1, (1),
OTToU T; TO €URAOOV TOU KUKAIKOU THAMOTOG HME XOpPON

mR?-120 T1R?
AB. ‘Exoupe: (OAlN) = = :
XOUME: ( ) 360 3

(OAF)=% R\/_ R_F

4
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mR?-90 1

1,=(0AB)-(0OAB)=—_"—-_A,a, =
Kal T, ( ) ( ) 360 2)\4(14
2 2 2 2
_TR’ 1o pR2 TR 1. SRV2_mR® R’
4 2 2 4 2 2 4 2

orote avrikaBiotwvrag otnv (1) Bpiokoupe OTI

R2
E=—((T+6-3/3).
5 ¢ J3)

11.8 TeTpaymVviopoG KUKAOU

TETPAYWVIOHOG KUKAOU AéyeTal n KOTOOKEUR, ME
Kavova Kail S1afBnTn, EVOg TETPAYWVOU IC0OUVANOU HE TO
doouévo KUKAO. ‘EoTtw R n akTiva evog KUkAou Kai E To

EMBadOV TOU. ETTEIdN E=%L-R, otTou L TO NAKOG TOU

KUKAOU, TTPOKUTITEI OTI O KUKAOG €ival 1000UVANOG HE
Tpiywvo, tTou €x&l Baon L kai upog R. Kabe Tpiywvo
OMWG €ival 1000UVANO ME TeETPAYWVO. ETTOpEVWG O
TETPAYWVIOHOG TOU KUKAOU OVAYETAI OTNV KOATOOKEUR
ToUu L, a@ou 1o R gival éva doopévo THApA. ETreid Opwg
L=21TR, n KATOOKEU] TOU OVAYETOI OTNV KOTOOKEUR

TMAMATOG MAKOUG TT (agouU yia R =% givau L = ). Na va

gival n Kataokeun autr duvarr, OTTwG £xX&l atrodeIxOEi,
Oa £rpeTre O T va gival pia TTOAUWVUMIKAG £§iocwong pE
OKEPOAIOUG OUVTEAEOTEG, ONAadN aAyeRpIKOg aplBuog,
BaBuoU 2, 61Tou vV QUOIKOC.

Opwg, o MNeppavog MadbnupaTtikég Lindemann, To 1882,
(10T0PIKO onueiwpa, oeA. 254) atrédelge 611 o T dev gival
OAYERPIKOG apPIONOG aAAG UTTEPBATIKOG KOl ETTOMEVWG
OtV KOTOOKEUACETAI YEWMETPIKA. ATrodeixOnke £Tol 10
adUvaTo TNG YEWHETPIKAS AUONG TOu TTPORARNHATOG TOU
TETPAYWVIOHMOU TOU KUKAOU.
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ApaocTtnpiéTnTa

2TO TTOPOKATW OXAMA, TO Tpiywvo ABI gival opBoywvio
Kal 1I000KeEAEG, To ABIT nuikUkAio diapérpou BIC kal To
N’EB 160 TOU KUKAOU (A, AB). Na armodeieTte O6TI O
OXNMATI(OMEVOG MNVIOKOG TETPAYWVICETAI.

(Atravrnon: (p)= (ABI))

I A

L
A B

AZKHZEIZ TIA AYZH

EpwTnoeig Katavonong
1. AvTioTOolXiOTE KABE nEyEBOG TNG OTAANG A ME TNV TIPA
TOU OTNn OTHAN B.

A B
2R’
EpBadov KukAikouU diokou akTtivag R
"RZL
180
EpuBadov KUKAIKOU Topéa H° (o€ KUKAO mR*
aKTivag R) 1
~aR?
EpBadév kukAikoUu Topéa a rad (oe
KUKAO akTivag R) nRr2 M
360

2. Me Bdon TO TAPOAKATW OXAHMO XOPAKTNPIOCTE WG
owoTh (2) R AdBog (A) KaBepid atrd TIG TTAPAKATW
I00TNTES KAl AITIOAOYROTE TV ATTAVTNOT) COG.
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i) (OAB)=(0Ora)

i) (OBIN) =(0OAA)
iii (OBI') = 2(OAB)
iv) (OAA) =2(OAB)
V)€1 =€

vi) AB = Ag 2
3. ZTO TTAPAKATW OXAMO UTTApXOouv OUO OHOKEVTPOI
KUKAol pe aktiveg OE=R kai OA=2R. XapakTnpiote wg
owoTh () A AGOog (A) KaBegpid ATTO TIG TTAPAKATW
I00TNTES KAl AITIOAOYROTE TV ATTAVTNOT) COG.

A

Y
S

MM MMM
>>> > > >

d
)£, = A
i) £, = A
liie, =260 A
iv) (ABZE) = (TAGH) I A
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Aoknoeic Epnedwonc

1. Aivetar kKUkAog (O,R) ka1 106TTAEUpO TPiywvo
gyyeypappévo oe autov. Na Bpedei To gufaddév Tou
EYYEYPOMUMEVOU KUKAOU TOU TPIYWVOU.

2. Aiveral KOKAog (K) kai T6§o Tou AB =60°. Av 1O TOEO

AB £x&1 uiRKog 41T cm, va Bpeite TO EYPRADOV TOU KUKAOU
(K).

3. Aivetrar 106mTAEUpo Tpiywvo ABIT TTAtupdg a.
pd@oupe Ta TOSa TWV KUKAWYV (A, a), (B, a) kai (I, a)
TTou TrepIEXovTal oTig ywvieg A, B kai I' avriotoixa. Na
UTTOAOYICETE WG OUVAPTNON TOU O TNV TTEPIMETPO KAl TO
EMBAdOV TOU KAUTTUAOYpPpOAHOU Tpiywvou ABI .

4. ZTO TTAPOAKATW OXAHA €XEl OXEQIOOTEI £€va NUIKUKAIO
O1apéTpou AB=2R ka1 €EWTEPIKA TOU TA iCA NUIKUKAIO PE
diapéTpoug OA, AA, Al kai I'B.

M
A r

H,
A

M3
OR B

K

Av (M), (p2), (M3) e€ivalr Ta egppadd TWV TPIWV
oXNMATI(ONEVWY MNVIOKWY Kal (K) To gufaddv Tou
NUIKUKAioU, va atrodei¢ete OTI  (Mp)+(M2)*+(M3)H(K) =
(ABrA).

5. Tpeig iool KUKAOI OKTivag R e@darrTtovral €§wTePIKA
ava duo ota onueia A, B kai I'. Na Bpegite TnV TrepipeTpo
Kal TO EuRadoVv Tou KAMTTUAGYpauupou Tpiywvou ABI,
w¢ ouvapTtnon Tou R.

AnNoOJEIKTIKEC AOKNOEIG

1. Aivetrai kKUkAog (O,R) ka1 akrtiva Tou OA. X1nv
mpoékTtaon Tng OA mpog 1o A Traipvoupe onueio B,
woTe OA = AB. Av BTl €ival To €@aTTTONEVO TUAHMO TTOU
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ayetar amé 1o B 1pPpOog TOV KUKAO, va [Bpeite TnVv
TMEPIMETPO KAl TO ENRAOOV TOU HIKTOYPOUMOU TPIYWVOU
ABI.

2. Aivetal teTtpadywvo ABIA mrAgupdg a kal Ta 16¢a BA

Kai Al Twv KUKAwyv (A,a) kai (A,a) avrioToiya.
Na Bpebei TO EMBadOV  TOU A
YPOHUMOOKIOOHEVOU MEPOUG TOU
TETPAYWVOU.

3. Auo iool KUKAol akTivag R £éxouv di1dkevTpo ion pe R

J2 . Na Bpebei To eyBadH6V TOU KOIVOU TOUG MEPOUG.

4. Aivetar €va nMIKUKAIO Olapétpou AB kai oT1o
EOWTEPIKO TOU TA NMIKUKAIO SiapéTpwy Al kail B, é1Tou
I’ onueio tng diapétrpou AB. H kaBetog Tng AB oto I
TEMVEI TO APXIKO NMIKUKAIO 0TO A. Na atrodeieTe OTI TO
EMBAdOV TOU XWpPIiou TTOU TTEPIKAEIETAI HETASU TWV TPIWV
NUIKUKAiwv (apBnAog Tou Apyipndn) cival ico pe 1O
euBaddv Tou KUKAou diapéTpou IMA.

5. Aivetal kukAog (O,R) kai 1650 Tou AB =60°. Na BpeOei
TO €uBadOV TOU £yyeEYPOMMEVOU KUKAOU OTOV KUKAIKO

Topéa OAB.

ZUvOeTa Ospara

1. Eotw Tpiywvo ABI gyyeypappévo oe KUkAo (O,R). Oi
mAEUpéG AB kai Bl gival avTioToiXa TTAEUPEG KAVOVIKOU
£CAYWVOU Kal I0OTTAEUPOU TPIYWVOU EYYEYPOAHUHUEVOU
oTOV KUKAO .Na uttoAoyiocBouUv:

i) TOo MRAKOG TNG TTAeUpAGg Al',

i) o Adyog Twv gufadwv Tou TPpiywvou ABI kal Tou
KUkAou (O,R)

lii) To guBadOV TwWV TPIWV KUKAIKWV THNMATWY Trou
opifovral amd TIGC TTAgupég TOUu TPpiywvou ABIT Kai
TTEPIEXOVTAI OTIC AVTIOTOIXEG KUPTEG YWVIEG.
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2. Aivetal kUkAog (O,R). Mg kévrpo TUuXQiO OnuEio TOU
KOl OKTivO TV TTAEUpd TOU TETPOAYWVOU TOU
EYYEYPOUMEVOU OE auTOV, yYpa@oupue KUKAO. Na BpeOci
TO gUBAOOV TOU KOIVOU HEPOUG TWV OUO KUKAIKWYV
SioKwv.

3. Auo iool KUKAol akTivag R £éxouv di1dkevTpo ion peE R
J3. Na Bpeite, wg ouvaptnon Tou R, To euBadov TOU
KOIVOU TOUG HEPOUG.

4. Aivetal KUkKAog (O, R) kai pia diauetpég Tou AB. Me
KEVTPO TO pEcO T TOUu €vOG nUIKUKAiIou Kal akTtiva A
YPAPOUNE KUKAO, O OTT0iog opilel e To AAAO NUIKUKAIO
TOV MNVIioKO, £€0TW M. Na atrodeiieTe 0TI TO EURAdOV TOU
M 100U0TOI ME TO ENRAdOV TOU Tpiywvou ABI.

1. Kavoviké eEaywvo ABIAEZ cival eyyeypauuévo O€
KUKAO (O, R) kai éotw K, A, M, N, P, 2 Ta péca Twv
TTAEUPWYV TOU.

i) Na atmrodeiete 611 To KAMNPZ €ival Kavoviko e§aywvo
ME KEvTpo TO O.

ii) Na atrodeigete OTI

(KAMNPE) = %(ABFAEZ).

iii) Na Bpebei, wg ouvdaptnon Tou R, TO MAKOG TOU
gyyeypaupévou KUkKAou oto KAMNPZ.

2. 'Eotw KUKAOG (O, R) ka1 pia xopdr) Tou AB=A,. Av o
KUKAOG (O, a,) Tépvel TiIg akTiveg OA ka1 OB ota A" kai B”
AVTIOTOIXO, VO ATTOOEISETE OTI

i) TO EBABOV € TOU MIKTOYPOAUHOU TETPATTAEUpOU ABBA”
(Me OUO TTAgupég TOEH) I1I00UTAI ME TO EMPADOV TOU
KUKAIKOU Topéa OA'B™ kai

i) 2ve=TrR".

3. Mg Bdaoceig TIG TTAEUPEG €VOG V-YWVOU KOl OTO
ECWTEPIKO TOU KATOOKEUALOUNE V opBoywvia pE TO idlO
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UYPoG U. ZUVOEOUME TIG EEWTEPIKEG TTAEUPEG TOUG ME TOSO
KUKAWYV TTOU YPAQPOUME ME KEVTPA TIGC KOPUPES KAl OKTIVA
U. Na BpeOei To dBpoiocpa Twv URAdWY TWV V KUKAIKWYV
TOMEWYV TTOU oXnMaTiovTal.

4. ZTO ECWTEPIKO TETPAYWVOU YPAPOUME TECTEPIS iIOCOUG
KUKAOUG TTOU EQATITOVTOl METOEU TOUG EEWTEPIKA KAl
EQATTTOVTAlI TWV TAEUpWY TOU TeTpaywvou. Na
uttoAoyioBei, w¢g ouvdptnon TnNG TALUpdg o TOU
TETPAYWVOU TO £URAOOV TOU XWPIOU TTOU TrEPIKALIETAI
a1TO TOUG TEOOEPIG KUKAOUG.

5. ZTO KUKAIKO OIKOTTEDO OKTIiVaG

R = 40m, TOU TTOPOAKATW OYXAMOTOG, TO EYYEYPOMHEVO
TETPAYWVO €XEI TO MEYIOTO Ouvate eguBaddv  Kal
TPOKEITAI VA TTAAKOOTPWOEI. 2Ta TECOCEPA KUKAIKA
THAMOTA Ba TOTTOBETNOOUV 10APIBEG KUKAIKEG YAAOTPEG
ME TO pMEyIOTO OuvaTO €EMPBAdOV E£TTiong, &vw TO
ummoAoimo OBa @uteuBei pe ykalov. Na Bpebei TO
EMBABOV:

i) Tou pépoug TTou Ba TTAakooTPWBOEI, il) TOU HEpOug TTOU
0a KaAUTTTOUV OI YAAOTPEG, iii) TOU pépoug TTOU OO
QuUTEUOBEI pE YKaAOv.

6. ZTO0 OITTAAVO OXNUO TO TETPAYWVO £XEI TTAEUpd o = 50
m.

Na BpeOci:

i) To guBadOV TOU EYYEYPOAUHEVOU
KUKAOU,

ii) To guBaddév kKabBevog aTTd TOUG
TECOEPIG KUKAOUG TrOoU EQATTTOVTAI
EOWTEPIKA TOU  TETPAYWVOU  Kai
ECWTEPIKA TOU EYYEYPAMMEVOU KUKAOU.
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7. Na BpegBei n HIKPOTEPN ywvia TTOu oxnuatiouv ol
TTPOEKTACEIG TWV  TTAEUpWV EVOG KOVOVIKOU
OEKATTEVTAYWVOU.

8. Oewpoupue nUIKUKAIO diapétpou AB Kal onueio Tng I'.
MetaBAnTy nuievBeia M'x kaOetn otnv AB Tépvel TO
NUMIKUKAIO oTO onueio Z. lMdavw otn I'x Traipvoupe
onueio M, woTte va 10XUEl AM° = 2AZ° Kai PEPOUME
guBeia kaBetn otnv AM oto M, Ttou TEépvEl TNV
mpoékTtaon Tng AB oto A. ToTe

I) va atrodeigete 611 AA=2AB,

ii) va Bpeite TO YEWMETPIKO TOTTO TOU onpeiou M, KaBwg
n nUevOeia MNx petaBaAAsrai,

lii) va atrodeifeTe 611 TO HKOG TNG YPAMMNG TTOU YPAPEI
TOo M 100UTOI JE TO MAKOG TOU NUIKUKAiIiou diapéTpou AB.

9. Aivetal nUIKUKAI0 diapétpou BOIM=2R, Tuxaio onueio

TOoU A Kai 1o péco A tou T6¢ou BA.

i) Av g4, & €ival Ta EYRADA TWV KUKAIKWYV TUNHATWY TWV
xopdwv A, AB avrtiotoiXxa, va atmmodeiere OTI

g,—€&, =(0rFA), 6mou (OrA)(Orca) to eupadoév Tou

KUKAIKOU Topéa OTA.

Ii) Na atrodeigete 0TI 0 HEYIOTOG KUKAOG TTOU EYYPAPETAI
OTO KUKAIKO TuRpa xopdng Al (dnAadni Bpiokeral oto
ECWTEPIKO TOU KUKAIKOU TMAMOTOG KOI EPATTTETAI OTO
TOEO Kal Tn Xopdn), €ival auTOG TTOU EPATTTETAI OTO HECO
NG Xopdng Ar.

lii) ' Eotw E4{, E; Ta €ufadd Twv HEYIOTWV KUKAWV TWV
EYYEYPOAMMEVWY OTA KUKAIKA TuAMaTa xopdwv AlL, AB
avTioTOoIXA,

2
a) Na atrodeigete 0TI E, +E, < R

B) Av BA =120°, va atrodeigete OTI

E,+(7+4V3)E, = T
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10. AUo iool KUKAol pe kévipa O kai O° avrioToixa
gpartmrTovral eEWTEPIKA 010 A. Dépoupe dUO akTiveg OB
Kai O'B° TmapdAAnAeg peTay TOUG KOl OTO idIO
nUIETTiITTE®O WwW¢ Ttpog Tnv OO0°. Karaokeudalouue
ECWTEPIKA aTTO TOUG OUO KUKAOUG TO nNMIKUKAIO
diapéTpou BB'. Na atrodeifere OTI:

(i) (OAB)=(OB'A'), otTou A" TO AVTIOIOUETPIKO TOU A
otov O,

(i) (OAB)+(O’AB’) - (O'AA'),

(iii) (OAB)+(0'AB') _ (KBB'), 61ou K To péco Tou BB,
(iv) To guBaddv € ToUu KAPTTUAOYPOAMMOU OXAMOTOG ME

mAeupég Ta 16§00 AB, BB™ kau AB" €ival ico peg TO
eMBadov Tou TrapaAAnAoypdaupou OBB'O°. Av ta B,B’
KIVOUVTAI TTAVW OTOUG KUKAOUG, WOTE ol aKTiveg OB Kal
OB’ va diatnpouv TIG apXIKESG 1010TNTEG, OE Trola O€on
Twv B,B” 10 euBadov € yiveTal HEYIOTO;
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I2TOPIKO 2HMEIQMA

Ta pgn eNIAUCIHAO YEWHETPIKAG NPOBANHATA TNG
apxaioTnTag

Tov 5° ai. SdiatuTTwOnkav otnv apyaioa EAAGSa Tpia
mpoBARpaTa Trou €MEAAE va yivouv TraciyvworTa.
Mpoékeitar yia 1o TPORANUAa TOU OITTAACIOOHOU TOU
KUBou, TNG  TPIXOTOMNONG  Ywviag KAl Tou
TETPOAYWVIOHOU TOU KUKAou. H 1o1O0pia  TWV
TPOBANMATWY aUTWV €ival TTOAU MeYAAn. Apkei va
OKEPTEI KAVEIG OTI Ta dUO TTPpWTA AUONKAV OTIG APXES
MOVOV TOU TTEPOACHMEVOU AIWVA, EVW TO TPITO OTA TEAN
Tou. AtrodeixOnke OTI Kal Ta Tpia TTPoBARUaTa dev givai
EMIAUCIMO ME TO HECA TTOU OPiCOVTal OTA «ZTOIXEIO» TOU
EukAgidn, dnAadni pe kavova kai diafntn. H 10TopIKN
ONUHACIa AUTWYV TWV TTPORANMATWY CuvioTaTal OTO OTI
NTAV Ol TIPWTES OATTOdEIEIG MN E€MIAUCINOTNTAG OTA
HaOnuaTIKa. ATTodeiXOnKe OTI OPIOUEVEG KOATOOKEUEG
nTav aduvatov va TrpaydaTotroinfouv HeE opICHEVA
Méoa (TOV Kavova Kal To diaBATn).

O d1InAaciacuoc Tou KUBouU. Av ocuuBoAiocoupE JE a TRV
OKMN €VOG KUBOU, TOTE TO TTPORANUA TOU SITTAACIACHOU
TOU KUBou cuvioTatal oTto va Bpedei n akuni KUBou TTOU
va €£XEl Oyko dITTAdoIo atrd To dedopévo KUBO, dnAadn
{nteital va Bpebei To péEyedog X, yia To OTroio va 10XUEI
x> = 2a°. H mPoéAeuon Tou TrpoBARpaTog Oev givail
IOCTOPIKA £SOKPIBWHEVN. ZUNPWVA HE Evav OpUAO TTOU
ava@épel o lMAoUTapyxog, To TTPORBANpa £TEON Ot €va
XPNOHMO TTOU ATTAITOUCE ATTO TOUG KATOIKOUG TG ARAou
va diITAacidaoouv To Bwud Tou ATTOAAWVA TTPOKEINEVOU
va OTOMATAOEI N €mIdnuia TTou €ixe e§aTAwOEi oTO VNOI.
. auté ovopdadlerar kKai AQAio TTPOBAnua. O TTPpwWTOG
TTOU TO MEAETNOE ATAV O ITrmmokpdTng o Xiog, TTOU TO
avyaye oTnv €Upeon dU0 PHEOCWV AVOAOYWYV O€ OUVEXN
avaAoyia HETAEU OUO doouéEVwY PEYEBWY, dNAad oTnVv
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. . . , , a X Yy
gupeon OUO peyeOwv X, y, TETOIWV, WOTE —=—=—,
X Yy 2d
Apyotepa, o Apxutag o Tapavrivog €£0e1§e OT1 TO
MEYEBOG X pTTOpPEi Va Bpedei WG TOMUN, EVOG KWVOU, EVOG
KUAiVOpOU Kal TNG ETTIPAVEIAG TTOU AaUBAVETAI ATTO TV
TEPICTPOPN MIOG TTEPIPEPEING TTEPI TNV EPATTTOMEVN
™G, ONA. TnG £m@Aaveiag «Kpikou» (torus) pundevikou
avoiyparog. H Abon Tou ApxuTta atrodeikvue TV UTTapén
OU0 HEOWV aVvAaAOYWV METASU OUO OIWVONTTOTE NEYEOWY,
woTOé00 N pEBODOG TOUu CEPeuye atmd Ta KABIEpWHEVA
MEOO TOU Kavova Kal Tou JIaBATN.
O1 peTayevéoTepeg avalnTROEIG OTPAPNKAV OTNV
EUPECN EVOAAOKTIKWY TPOTTWV KATOOKEUNG TWV HEOWV
avaAoywv Twv OU0 Oedopévwyv peEYEBWV TTOU
ATTAITOUVTAIl ATTO TNV avaAoyia Tou ITrrokpAaTn:
ay = x° Kol Xy = a(2a) } y2 = (2a)x
H KATOOKEUN] TWV CUVTETOYMEVWV TOU ONMEIOU TOMNAG
TWV OUO0 AUTWYV YEWMETPIKWY TOTTWYV divel Tn AUon Tou
TPORBAAMATOS. OHWG N HEAETN TETOIWV TOTTWYV OEV ATAV
a1TAd TTpdaypa oTnv apxaiéotnta. NpwTta atr. OAa ETTPETTE
va atmodeixbei OTI o1 TOTTOI QUTOI RATAV OUVEXEIG
KOMTTUAEG, TTPOKEINEVOU VA HIAQCOUHE VIO ONHEIO TOUAG.
Mévov o Mévaixpog (deutepo AMICU TOU 40U al.)
MTTOpECE VA TTAPACTACEI TOUG TOTTOUG OQUTOUG WG
ETTITTEQEG TONEG KWVWYV €K TTEPIOCTPOPNG. Eival mTIBavo o
OTEPEOMETPIKOG QUTOG TTPOCOIOPIOCHOS TOU OnNMEIovU
TOMAG, OTTWG KAl OTNV TEPITTTWON TOUu ApXUTa, Vva
Emaile pOAo ammodeIgnNg TNG UTTAPENG KAl TNG CUVEXEING
TWV UTTO HEAETN YEWMETPIKWY TOTTWY. O1 apyaiol
"EAANvVEG OVTIMETWTTIOAV  TOV  TIPOBANnua TOU
OITTAaciaopoU Tou KUBou atrdé didagopegs okomriég. O
EuTtoKIiOog ava@épel Trepi TIS 12 TTPOTEIVOUEVEG AUOCEIG.
ATTé TIG AUOEIG QUTEG OPICMEVEG Eival MNXOVIKEG, OTTWG
m.X. Tou EparocOévn (30¢ ai. X)) TTOU
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TpayyaToTrolgital ME Tn Pondeila &voég HNXAVIKOU
opydvou, Tou «uecoAdfBou», R n AUon TTou amodiderai
otov [AdTwva. AAAEG TTAAI yivovTal ME TNV €100YWYN
VEWV KOUTTUAWYV, OTTWG o1 Auoelg Tou AIOKAR Kol TOU
NikouRon, Tou TTpaydaToTroiouvTal e Tn BoRdsia Twv
QEPWVUHWYV KANTTUAWYVY. MNAVvTWG MEXPI TNV ETTOXH TOU
EukAgidn (TEAn Tou 40U al.) TTPETTEl va €iXE dpaIwOEi N
memoionon 611 1o POBANnuA TOU SITTAOCIOOHMOU TOU
KUBou d¢gv gival eTIAUCIMO ME KAVOVa Kal S1aBRATn.

H wpwtn Twmpoomddeia va ammodeixfei n  un
EMAUCINOTNTA TNG €I0IKAG TTEPITTITWONG KUPBIKAG
ggiowong x> + 2x° + 10x = 20, pye ™ Bondeia TWvV
TETPAYWVIKWYV appATwV Tou BIAiou X TwV «ZTOIXEIWV»
Tou EUkAEgidn, €yive amd 1o Asovapdo 1tng liag. Meta
a1rd AUTOV TTEPACAV TETPOKOOIN TTEPITTOU XPOVIa HEXP!
MoU O NTekApT va OIATUTTWOEI TO YEVIKO KPITAPIO
EMAUCINOTNTAG MIOG KUBIKAG £§icwong: ol pifeg MIAG
KUBIKNAG €§icwonNg HE PNTOUG OUVTEAECTEG MTTOPOUV Va
KOTOOKEUOOOBoUv peE kKavova kKol OlafATn, O6Tav n
ggiowon eival avaywyiun,dnAadr €xel TOUAAXIOTOV pia
pnTR pifa (0 NTeKAPT UTTEBETE OTI OAEG o1 pileg eival
TPayHaTIKEG). To 1637 dlaTUTTWOE TNV UTTO0EON OTI N
KOTOOKEUN TUAMOTOG iOCOU ME 32, OnAadni Tng Abong TnG
ggiowong x° = 2a° yia a = 1, dgv gival duvaTrh ME KAavova
Kal S1aBATN.

Opwg ™ pn €MAUCINOTNTA TOU TIPOBAARMATOS TOU
OITAacIoopMoU TOU KUBOu ME Kavova Kal d1aBnATn
atrédeiée To 1837 o 1. BavroeA (Pierre Laurent Wantzell,
1814-1848).

H TpixoTopnon ywviag. 1o mpépAnua autd nreital va
Ol1a1peBei pIa ywvia o€ Tpia ica pEPN. ZUVUQACHEVES ME
TN AUon Tou TTPOBARMATOG AUTOU gival n EQApPpHOYH ATTO
ToV ApXIMA®N TNG HEBOBOU TNG VEUONG KaIl N EI00YWYN
MIOG VEOG KAMTTUANG, TG TeETpaywvi{ouoag. H péBodog
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TNG VEUONG oOuvioTatal oTnv TOomroBéTnon &vog
€UOUYPOUHMOU THAMOTOG OPICHEVOU HNKOUG METAEU OUO
OedouévVWY  YPOAuNMWY £TOI, WOTE TA dAKPA TOU
gUOUYypauMOU TUAMOATOG VA Bpiokovral TTAVW OTIG
YPOMMES Kal TO i010 TO TUAMO N\ N TTPOEKTACH TOU Va
OiépxeTal atrd dedopévo onueio.

O1 Oedopéveg ypappég Trou  eg&€talav o1 apyaiol
YEWMETPEG NTAV OCUVAOWG n guBgia Kal n TrEPIPEPEIQ.
Qot1600, av éva TPOBAnpa Auvetal pe Tn MEBOSO TNG
véuong, TOTE N @UON TOU TIPORAAMATOG TTOAPOMEVEI
aocapng. Av To euBUYPAUMO THAHA KIVEITAI £TO1 WOTE TO
£va AKPO TOU Va BPIiCKETAI OTN Mia a1TO TIG OEOOMEVEG
YPOMUHEG, EVW N TIPOEKTOON TOU OIEPXETAI ATTO TO
O0edopévo onueio, TOTE TO OLUTEPO GKPO Oa ypdawel
KautruAn (K). H epappoyn tng peEBOdOU TnNG veuong
ICOOUVOUEI ME TNV EUPECH TOU ONMEIOU TOMAG TNG
KAuTTUANG (K) pe Tn 0gUTEPn Oedopévn YpauH. Opwg n
H€EBODOG TNG veuong dev divel KAUIA TTAnpogopia yia Th
@uon TnG KAuTTUANG (K), n otroia ptropei va givail atrAn,
| APKETA TTOAUTTAOKN. Towg yia To Adyo auTo o1 apxaiol
YEWHUETPES ATTEQEUYAV TNV

MEBOBO auTH. I

H tpixotépnon ywviag pe Z

™ HMEBOdO TnG VeUONG 3<p
yivetal wg €dfig: Eotw n E<—— 5 A
ywvia ABI'=3¢ (2x. 1) rou

mpérrel va Olaipebei o€ U
Tpia ica pépn. Mpdapoupue >x.1

KUKAO KévTpou B, kai

mpoekTeEivoude TNV AB TTpOog TNV GAANn pepId ammd 1o
KEvTpo B.

MeTagu Tng eubeiag BE kal Tou KUKAOuU TOTTOOETOUE TO
TMAMO EZ pRkoug R, €101, WOTE N TTPOEKTACH TOU Vda
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OiépxeTal amrd TOo onueio I (Io onpaioA TOMAG TNG
TAgupdg BI' pe 1o KUKAO). Téte ZEA =1/3 TBA.

A B

M

N\
/

0 I
2X. 2
Tov 50 ai. w.X. o Immiag o HAgiog e&ionyaye pe
KIVNHOTIKO OPICHO Hia VEN KOAMTTUANR, TV oOTroia o
AdipTTVITG OVOpOOE apyoTepa TETpaywvifouod. EoTtw
o611 Ta TuAuata OA kai AB (Zx. 2) apxiCouv va KivouvTai
TauToxpova, wote To OA va TreploTpépeTal TTepi To O
OMOIOHOPPA KATA TN POPA TWV OEIKTWV TOU WPOAoyiou
Kali To AB va KatépXeTal OHOIOHOP@PO TTOPAMEVOVTAG
TTAPAAANAO TTPOG TOV £aUTO TOUu, MEXPIG OTOU Ta dUO
THAMATa va KataAnouv otn Béon Ol tautoxpova. O
YEWHETPIKOG TOTTOG TWV onpeEiwv TouRg M Twv OUO
THNUATWY YPA®PEl TNV TETpaywyvi{ouod. ATTé Tov opIoHO
TNG KAMTTUANG TTPOKUTITEI AMECA OTI Ol TETAYMEVEG TNG
KOMTTUANG €ival AavAAOYEG TWV AVTICTOIXWV YWVIWV
Yy:y1 = @:@1. Me tn BonBeia tng idiag KAMTTUANG MUTTOPEI
va AuBei kali TO TTPOBANMO TOU TETPAYWVIOCHMOU TOU
KUKAou. Tov 100 ai. o OauTtit Iuymrv Kouppa oTnv
Tpaypateia Tou «Alaipeon Tng opBnRg ywviag oe Tpia
ioca HEpnN», aKOAOUBWVTAG TNV TTapAdoon Tou ApXIMRON,
avayel To TPOBANMA O& KATAOOKEUN ME TN BoRdeia Tng
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veuong. 2T MecAIwWVIKR ApafIkil  ypOdMaTEia
EMIXEIPEITAI N oUuvdeon Tou TPORAARMATOG TNG
TPIXOTOMNONG VYWvViag HME TNV GAAyepa kal TNV
TPIYywVOMETPia. To 150 al. o aA-Kaoi otnv atmroAecOcica
«Mpaypareia TePi XopdAG KAl NUITOVOU» TTPOTEIVEI HIA
TMPWTOTUTTN AVOOPOMIK) MEBODO yia Tn AUONn TNnG
ggiowong TnG TPIXOTOMNONG Ywviag, dnA. TNG KUPBIKAG
e§iowong TNG Hop@Ng X + g = pX, 6TTOU X=Ny @, p=3/4,
q=(1/4)nu3¢@. H péBodog Tou aA-Kaci pag gival gag givai
yvwoTtn atmod tnv «lMpayuareioa» Tou aA-Poupi (1406-150¢
al.) kar T OxXOAla Tou Mipit ToeAepti oOTOUG
OOTPOVOMIKOUG TTiVOKEG TOU OUAOUYKMTTEK.

210 TEAN TOU 160U alI. 0 @. BIET OTO «ZUMTTARPWHA TNG
NewpeTpiag» amédele OT1 n AUoOn OTTOINOONTTOTE
KUBIKAG &giowong odnyei €ite o€ veuon Eite O¢
TPIXOTOUNON ywviag, Kal ME ™ BonBeia
TPIYWVOMETPIKWY MEOCWV BpAKE TN AUOn TNG KUBIKAG
g€iocwong otTn AeyOuEVN «HUNn avaywylipun» TTEPITTTWon (o
0po¢ autog €1onNXOnke amrdé Tov Kapvrdvo yia va
UTTOONAWOEI TNV TTEPITITWOT TTOU N KUBIKN £§iocwon £XEl
TPEIG TIPAYHATIKEG AUCEIS TroUu gH@avifovral WG
afpoicpa 1 dla@opd TWV OApPIOWY TTOU ORMEPA
ovopdaloupe MIyadikoug). O BIET yvwpile emmiong TIG
OAYEBPIKEG £CICWOEIG TTOU AVTIOTOIXOUV OTn Olaipeon
ywviag 6x1 yoévo o€ Tpia, aAAd Kal o€ TTEVTE | ETTTA ioq
HEPN. MpwTog 0 NTeKAPT TO 1637 £€€PPOOCE TN YVWHN OTI
0 Kavovag Kal o d1afATNG €ival AVETTAPKA yia T Auon
TOU TTPOBARMATOG QUTOU OTN YEVIKA TTEPITTTWON. OpWwg
OAOKANpwuEVN atrddeign TG utréBeong Ttou NTeKdApT
060nke pévov 1o 1837 amrd tov 1. BavroeA.

O TETPAYWVIOHOG TOU KUKAOU. To TpoBAnpa TOU
TETPAYWVIOHOU TOU KUKAOU OUVIOTATAI OTNV KATAOKEUR
TETPAYWVOU 1000UVOUOU HE Oedopévo KUKAo. Av T1O
mTPOBANUa TOU OdITTAACIOCMOU TOU KUBOU KAl TNG
TPIXOTOMNONG YWwviag avayeralr o€ TPORANUa Auong
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KUBIKAG &diowong, To TTPORANUA TOU TETPAYWVICHOU
TOU KUKAOU QVAYETOI OTNV KOTOOKEUR €VOG THRMATOG
ioou pe 1. O IrrokpdTng o Xiog rpootrddnoe va Auoel
TO TTPOBANMA AUTO ME TOV TETPAYWVIOHUO NNVICKWV.

O IrrokpdTng BPARKE Tpia €idNn TETOIWV r
pnviokwyv. 'Evag amé autoug eival o
MNViOKOG Trou TrepIKAgieTal amdé TO

TETAPTOKUKAIO BAI' Kol TOU
NMIKUKAiou pe di1aueTpo Tn Xopdn Al
(ox. 3). To guBaddév TOU pHNVioKOU
auTtou €ival ico PE TO gufaddv Tou
Tpiywvou ABI.

H 1oT0pia TWV uNVioKwV gival apkeTd peyaAn. To 1840 o
KAdoulev Bprike dAAoug dUO pnviokoug, aAAd to 1930-
40 o1 Pwool pabnuartikoi N.I'. TogptroTapié@ kai o A.B.
NtTopovivo®, xpnoigotrroiwvrag HeB6doug TnG Bswpiag
KaAoud, atrédeiav OTI UTTAPYXOUV TTEVTE €idN MNVIOKWV
aAAG Kavévag Oev TETPAYWVIEI TOV KUKAO.

O TeTPAYWVIOHUOG TOU KUKAOU €ival CUVUPOOUEVOG ME
TNV ApIOUNTIKA @UOoN Tou apifuou 1. Baoi{opevog oTn
Bswpia Twv avaloyiwv Tou EuddEou Kal KAvoOvTAg
XpAon tng HEBOdou TnNG £€avrAnong o ApXIMAdng oTo
Eépyo TOU «KUKAOU pETPNON» aTtrodelkvuel OTI TO
EMBadOV KUKAou egival 1000UvapO HE TO EMRadOV
opBoywviou TPIYWVOU, N MHia KAOETOG TOU OTTOIOU €ival N
OKTIVO TNG TrEPIPEPEING KOl N GAAn TO MAKOG TNG
TTEPIPEPEING.

AuTé divel Tn duvaroTnTa va avaxoei To TTPpOBAnHa TOoU
TETPOAYWVIOHOU TOU KUKAOU OTNV £UPECN TOU HMAKOUG
TNG TTEPIPEPEIAG. ZTA TEAN TOU 180U al. o |. AQUTTEPT KaI
o A. Aedavtp atrédeiav 611 o 1T €ival AppnTOG.

MoAig o 1882 o Aivrepav (K.L.F. von Lindemann) kai o .
Eppit (Charles Hermite, 1822-1901) amédeiav 611 o

A R
2X. 3
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ap1Ouég 1T gival uTTEPRATIKOG, ONA. OEV IKAVOTTOIET KAMIA
aAYEBPIKNA EEiCWON HE AKEPAIOUG OUVTEAEOTEG.

Kard ouvétreia, To TTpOBANMA TOU TETPAYWVIOHOU TOU
KUKAoOU d¢gv utropei va avayxBei o aAyeBpikn e§icwon.
To Oswpnua Tou Aivregav aTmrodeIKvUEl TN HN
EMIAUCINOTNTA TOU TTPORAAMUATOGC TOU TETPAYWVICOHOU
TOU KUKAOU pE Kavova Kal diaBnATn.
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ANAKEDAAAIQTIKO AIATPAMMA

MéeTpnon KukAou
‘OAeg o1 TTAEUPEG KAl O1 YWVIEG TOU
io€G.
Eyypdwipo Kal TTEPIYyPAYIHO O€
KUKAO
2 AZ 2 1

Kavovikd a, + 7" =R%/ E, = Epqu P, =VA,
TToOAUYyWwVva " o

= ; @, =180° — v
Kavovikd TroAUywva pe To id1o
TTAR00G TTAEUPWYV Eival OpoOIaL.

v

\Y; 3 4 6
Ay RJ3 | RY2 R
R RV2 |R3
2

dy

—— MNAKOG KUKAOU: L=21TR.

TRy
180
L EpBadév KukAIkoU diokou: E=mR’

Kokhoc | Mnkog T6¢ou: £ = oR

EpuBadov KUKAIKOU TOMEQD:
2
(OAB) _TRY_1.r?
360 2

140 / 255



«AlaAoyi{opevog Adokalog» M. I'kat{wvng

141 / 256




NMEPIEXOMENA 40u TOHOU

KepaAalo 9° METPIKEG OXECEIG. ... 181
9.1 OPBEG TTPOPOAEG ..., 183
9.2 NMUBAYOPEIO OEWPNHA ..., 183
0.3 NEWMETPIKEG KATOOKEUEGS ..., 186
9.4 Tevikeuon MNMNuBayopeiou OeWPHHATOG......................... 189
9.5 OEWPAHATA SIAHECWIV ... 194
9.6 BAOIKOI YEWMETPIKOI TOTTOI ..., 196
9.7 TEMVOUOEG KUKAOU ..., 199
KeaAaio 10° EPBAdQ.......oooooceecc, 209
10.1 TTOAUYWVIKA XWPIOL..........cooovviiiceeeeeeeeieeeee e 211
10.2 EpBaddv eubuypappou oXANATOG

loodUuvapa eUBUYPOAMMA OXAMATA. ..o 211
10.3 EpBadov BaocIKWV eUOUYPANNWY OXNHATWY .......212
10.4 AAAol TUTTOI YIO TO EMRAOOV TPIYWVOU..................... 218
10.5 Abéyog epfadwyv OHOIWV TPIYWVWV

TTOAUYWVWIV ....oooviiiiiiicieieeeeeee e 221
10.6 MetaoXnMATIONOG TTOAUYWVOU

OE ICOOUVOHO TOU ..o, 225
Kepalaio 11° Merpnon KUkAou ... 231
11.1 OpPICHOG KAVOVIKOU TTOAUYWVOU................cocvvneeeee, 233

11.2 I816TNTEG KAl OTOIXEIO KAVOVIKWY TTOAUYWVWV...234
11.3 Eyypa@n BACIKWY KAVOVIKWYV TTOAUYWVWV

O€ KUKAO KOI OTOIXEIA TOUG ..., 238
11.4 MNMpooéyyion TOU HKOUG TOU KUKAOU

HE KOAVOVIKA TTOAUYWVA. ..., 243
11.5 MAKOG TOEOU .........c.oooviiiiiiiiceeee e, 244
11.6 MNpooéyyion Tou eRadOU KUKAoU

ME KAVOVIKA TTOAUYWVOL............oooiiiiiieeeeee 246
11.7 EpBaddév KUKAIKOU TOMED Kl

KUKAIKOU THRAMOTOG ... 246
11.8 TETPAYWVIOHOG KUKAOU ..., 249

142
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